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PREFACE 


mt 

In this little book the author has in the main sought to present 
the interpretation reached by BoLtzMANN and by Pitancx. The 
writer has drawn most heavily upon PLANck, for he is at once 
the clearest expositor of BOLTZMANN and an original and important 
contributor. Now these two investigators reach the result that 
entropy of any physical state is the logarithm of the probability 
of the state, and this probability is identical with the number 
of “complexions’’ of the state. This number is the measure of 
the permutability of certain elements of the state and in this sense 
entropy is the “measure of the disorder of the motions of a system 
of mass points.” To realize more fully the ultimate nature of 
entropy, the writer has, in the light of these definitions, interpreted 
some well-known and much-discussed thermodynamic occurrences 
and statements. A brief outline of the, general procedure followed 
will be found on p. 3, while a fuller synopsis is of course given 
in the accompanying table of contents. 

Jaleo KLEIN, 
LexicH UNIVERSITY, October, 1910. 
ll 
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THE PHYSICAL SIGNIFICANCE OF ENTROPY 
AND OF THE SECOND LAW 


[There is no difference between change of Entropy and Second Law, when each 
is fully defined.] 


INTRODUCTION 


PuRPOSE, ACKNOWLEDGMENTS, THE Two METHODS oF APPROACH 
AND OUTLINE OF TREATMENT 


THis article is intended for those students of engineering who 
already have some elementary knowledge of thermodynamics. 
It is intended to clear up a difficulty that has beset every earnest 
beginner of this subject. The difficulty is not one of application 
to engineering problems, although here too there have been 
widespread misconceptions,! for the expressions developed by 
CLAusius are simple, have long been known and much used by 
engineers and physicists. The difficulty is rather as to the 
ultimate physical meaning of entropy. This term has long been 
known as a sort of property of the state of the body, has long been 
surmised to be of essentially a statistical nature, but with it all 
there was a sense that it was a sort of mathematical fiction, 
that it was somehow unreal and elusive, so it is no wonder 
that in certain engineering quarters it was dubbed the “ghostly 
quantity.”’ 

Now this instinct of the true engineer to understand things 


1See Entropy, by James SwiBuRNeE; this author has called attention to 
necessary corrections and duly emphasized the engineering aspect. 
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down to the bottom is worthy of all encouragement and respect. 
For this reason and because the matter is of prime importance 
to the technical world, the final meaning of entropy (i.e., of the 
Second Law) must be clarified and realized. Indeed, we may well 
go beyond this somewhat narrow view and say that this is well 
worth doing because change of entropy constitutes the driving motive 
in all natural events; it has therefore a reach and a universality 
which even transcends that of the First Law, or Principle of the 
Conservation of Energy. 

In striving to present the physical meaning of entropy and of the 
Second Law, the writer cannot lay claim to any originality; he 
has simply tried here to put in logical order the somewhat scattered 
propositions of the leading investigators of this subject and in 
such a way that the difficulties of apprehension might be minim- 
ized; in other words, to present the solutions of his own diffi- 
culties, in the hope that the solutions may be helpful to other 
students of engineering and thermodynamics. In overcoming these 
difficulties, the writer owes everything to the books and papers by 
PLANCK and BOLTZMANN, pre-eminently to PLANCK, who has so 
clearly and appreciatively interpreted the life work of Botrz- 
MANN.! ‘The writer furthermore wishes to say that he has not 
hesitated here to quote verbatim from both these investigators 
and not always so that their own statements can be distinguished 
from his own. If any part of this presentation is particularly 
clear and exact the reader will be safe in crediting it to one or 
the other of these two investigators and expositors, although it 
would not be right to consider them responsible for everything 
contained in this little book. 

In considering the proper approach to the matter in hand we 
must remember that? “in physical science there are two more or 


1 BotrzMAnn, Gas Theorie; PLANCK, Thermodynamik, Theorie der Warme- 
strahlung, and Acht Vorlesungen ttber Theoretische Physik. 

* Professor W. S. Franxuin, The Second Law of Thermodynamics: its basis 
in Intuition and Common Sense. Pop. Scrence Monthly, March, 1910. 
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less distinct modes of attack, namely, (a) a mode of attack in 
which the effort is made to develop conceptions of the physical 
processes of nature, and () a mode of attack in which the attempt 
is made to correlate phenomena on the basis of sensible things, 
things that can be seen and measured. In the theory of heat the 
first mode is represented by the application of the atomic theory 
to the study of heat phenomena, and the second mode is represented 
by what is called thermodynamics.” In solving the special 
problem before us, as to the physical meaning of entropy and of 
the Second Law, our main dependence must be on the first mode 
of attack. 

The second mode will furnish checks and confirmations of the 
results developed by the first, or we may say that the combination 
of the two modes will give the well-established characteristic 
equations and relations of bodies and their physical elements. 

The whole discussion will now be taken up in a non-mathe- 
matical way, without the full proof required by a complete presenta- 
tion, and about in this order: 

(a) The definitions, general preliminaries and current state- 
ments of the matters considered. 

(b) More or less precise statement of the primary relations 
and theorems. 

(c) The physical interpretations. 

(d) Summary of the connection between probability, irreversi- 
bility, entropy and the Second Law. 

(e) Reach or scope of the Second Law. 

- On account of the difficulty which every student experience sin 
realizing the physical nature of entropy we will in the main con- 
fine our attention here to gases and indeed to their simplest case, 
the monatomic gas, and will as usual assume that the dimen- 
sions of an atom or particle are very small in comparison with the 
average distance between two adjacent particles, that for the atoms 
approaching collision the distance within which they exert a signifi- 
cant influence oneach other is very small as compared with the 
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mean distance between adjacent atoms, and that between collisions 
the mean length of the particle’s path is great in comparison with 
the average distance between the particles. Later on we will indi- 
cate in a very general and brief way how the entropy idea may 
be extended to other states of aggregation and to other than 
purely thermodynamic phenomena. Mostly, therefore, we will 
only consider states and processes in which heat phenomena and 
mechanical occurrences take place. 
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or 


PART I 


DEFINITIONS, GENERAL PRELIMINARIES, DEVELOPMENT, CURRENT 
AND PRECISE STATEMENTS OF THE MATTERS CONSIDERED 


(1) The “ State” of a Body and its “ Change of State” 


As we will make constant use of the terms contained in this 
heading and as they here represent fundamentally important 
conceptions, we will seek to make them clear by presenting them 
in the various forms into which they have been cast by the different 
investigators, even at the risk of being considered prolix. 

In the Introduction to this article we called attention to the 
two distinct modes of attacking any physical problem. Now the 
conception ‘“‘state of a body’’ varies with the chosen mode of 
attack. Of course as both modes are legitimate and lead to 
correct results, these differences in the conception of “state” 
can be reconciled and a broader definition reached. We can 
illustrate these different methods of approach, as PLANCK has 
done, by assuming two different observers of the state of the body, 
one called the microscopic-observer and the other the macro- 
scopic-observer. The former possesses senses so acute and 
powers so great that he can recognize each individual atom and 
can measure its motion. For this observer each atom will move 
exactly according to the elementary laws prescribed for it by 
General Dynamics. These laws, so far as we know them, also 
at once permit of exactly the opposite course of each event. Con- 
sequently there can be here no question of probability, of entropy 
or of its growth. On the other hand, the “macro-observer,” (who 
perceives the atomic host, say as a homogeneous gas, and conse- 
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quently applies to its mechanical and thermal events the laws 
of thermodynamics) will regard the process as a whole to be 
an irreversible one in accordance with the Second Law. . 
Now a particular change of state cannot at the same time be 
both reversible and irreversible. But the one observer has a 
different idea of “change of state” from the other; the micro- 
observer’s conception of “‘change of state” is different from 
that of the macro-observer. What then is “change of state?’’ 
The state of a physical system can probably not be rigorously 
defined, otherwise than the conception, asa whole, of all those 
physical magnitudes whose instantaneous values, under given 
external conditions, also uniquely determine the sequence of these 
changing values. 

BOLTZMANN’S statement is much more clear, namely, “The 
state of a body is determined, (a) by the law of distribution of 
the particles in space and (b) by the law of distribution of 
the velocities of the particles; in other words, a body’s condition 
is determined (a) by the number of particles which lie in each 
elementary realm of the space and (b) by a statement of the 
number of particles which belong to each elementary velocity 
group. These elementary realms are all equal and so are the ele- 
mentary velocity groups equal among themselves. But it is further- 
more assumed that each elementary realm and each elementary 
velocity group contains very many particles.” 

Now if we ask the aforesaid two observers what they under- 
stand by the state of the atomic host or gas under consideration, 
they will give entirely different answers. The micro-observer 
will mention those magnitudes which determine the location and 
the velocity condition of all the individual atoms. This would 
mean in the simplest case, in which the atoms are regarded as 
material points, that there would be six times as many magnitudes 
as atoms present, namely, for each atom there would be three 
co-ordinates of location and three of velocity components; in 
the case of composite molecules there would be many more such 
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magnitudes. For the micro-observer, the state and the sequence 
of the event would not be determined until all these many mag- 
nitudes had been separately given. The state thus defined we 
will call the “micro-state.” The macroscopic-observer on the 
other hand gets along with much fewer data; he will say that the 
state of the contemplated homogeneous gas is already determined 
by the density, the visible velocity and the temperature at each 
place of the gas and he will expect, when these magnitudes are 
given, that the course of the physical events will be completely 
determined, namely, will occur in obedience to the two laws of 
thermodynamics and therefore be bound to show an increase in 
entropy. The state thus defined we will call the “macro-state.” 
The difference in the two observers is that one sees only the atomic 
events and the other the occurences in the aggregate. The former 
would have the absolute mechanical idea of state and the latter 
the statistical idea. Before attempting to reconcile their apparently 
conflicting conclusions, we will here call attention to some neces- 
sary relations between the micro-state and the macro-state. 
In the first place we must remember that all a priori possible 
micro-states are not realized in nature; they are conceivable 
but never attain fruition. How shall we select what may be 
called these natural micro-states? The principles of general 
dynamics furnish no guide for such selection and so recourse 
may be had to any dynamic hypothesis whose selection will be 
fully justified by experience. 

Now PLancx says: “ In order to traverse this path of investi- 
gation, we must evidently first of all keep in mind all the con- 
ceivable positions and velocities of the individual atoms, which 
are compatible with particular values of the density, the velocity 
and the temperature of the gas, or, in other words, we must con- 
sider all the micro-states which belong to a particular macro- 
state and must examine all the different events which follow 
from the different micro-states according to the fixed laws of 
dynamics. Now up to this time, the closer calculation and com- 
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bination of these minute elements has always given the important 
result that the vast majority of these micro-states belong to one 
and the same macro-state or aggregate, and that only compara- 
tively few of the said micro-states furnish an anomalous result, 
and these few are characterized by very special and far-reaching 
conditions existing between the locations and the velocities of 
adjacent atoms. And, furthermore, it has appeared that the 
almost invariably resulting macro-event is just the very one 
perceived by the macroscopic observer, the one in which all 
the measureable mean values have a unique sequence, and con- 
sequently and in particular satisfies the second law of thermody- 
namics.” 

“‘Herewith is revealed the bridge of reconciliation between 
the two observers. The micro-observer needs only to take up 
in his theory the physical hypothesis, that all such particular 
cases (which premise very special, far-reaching conditions between 
the states of adjacent and interacting atoms) do not occur in 
Nature; or in other words, the micro-states are in ‘ elementary 
disorder’ (elementar ungeordnet). This secures the unique 
(unambiguous) character of the macroscopic event and makes 
sure that the Principle of the Growth of Entropy will be satisfied 
in every direction.” 

Before elaborating all that is implied in this hypothesis of 
“elementary disorder” we will again point out that for each 
macro-state (even with settled values of density and temperature) 
there may be many micro-states which satisfy it in the aggregate. 

According to PLANCK, “ it is easy to see that the macro-observer 
deals with mean values; for what he calls density, visible velocity, 
temperature of the gas, are for the micro-observer certain averages, 
statistical data, which have been suitably obtained from the 
spatial arrangement and the velocities of the atoms. But with 
these averages the micro-observer at first can do nothing even 
if they are known for a certain time, for thereby the sequence 
of events is by no means settled; on the contrary, he can easily 
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with said given averages ascertain a whole host of different values 
for the location and velocities of the individual atoms, all of which 
correspond to said given averages, and yet some of these lead to 
wholly different sequences of events even in their mean values,” 
events which do not at all accord with experience. It is evident, 
if any progress is to be made, that the micro-observer must in 
some suitable way limit the manifold character of the multi- 
farious micro-states. This he accomplishes by the hypothesis 
of “‘ elementary disorder ” about to be more fully defined. 

In passing we may here note for future use, that what has 
just been said concerning macro-states (aggregates) with ‘‘ settled ”’ 
mean velocity, density and temperature, applies also to states 
unsettled in the aggregate, so far as concerns the manifold char- 
acter of the conceivable constituent micro-states and the dif- 
ferences in the mean character of their sequences. Even after 
the above limiting hypothesis removes all illegitimate micro- 
states, an enormously greater number of legitimate ones will be 
left to constitute the number of complexions properly belonging 
to the state contemplated. We may also add that it seems quite 
evident that the numbers representing these complexions will 
be different in the settled and unsettled states even if the latter 
should ultimately possess the mean velocity, density and tem- 
perature of the former. 

On the other hand, we also point out that for one and the same 
set of external conditions the macro-state may itself vary very 
greatly. When it has a settled density and temperature, it is 
said to be in a stationary state, to be in thermal equilibrium and, 
anticipating, we may add that it is then has maximum entropy, 
in short we may say it is in a “normal” condition. But the 
external conditions remaining the same, before attaining to 
said “normal” ultimate state, it may pass through a whole 
series of so-called “‘ abnormal” states after it leaves its initial 
condition. While it is in any one of these “ abnormal ”’ states, 
it may be said to be in a more or less turbulent condition; 
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it may then possess whirls and eddies; it may have different 
densities and temperatures in its different parts and then it will 
be difficuit or impossible to measure these external physical 
features of its state as a whole. All this implies ever-varying 
atomic locations and velocities, but does not indicate any such 
special far-reaching regularities between adjacent and _ inter- 
acting particles as would vitiate at any stage our hypothesis of 
‘elementary disorder” (elementar ungeordnet) or “ molecular 
chaos.” 

' Before going into more detail concerning this particular chaotic 
condition of the particles we will give PLANCK’s somewhat fuller 
statement of what constitutes the ‘“‘state”’ of a physical system 
at a particular time and under given external conditions. It is, . 
“the conception as a whole of all those mutually independent 
magnitudes which determine the sequence of events occurring 
in the system so far as they are accessible to measurement; the 
knowledge of the state is therefore equivalent to a knowledge 
of the initial conditions. For example, in a gas composed of 
invariable molecules the state is determined by the law of their 
space and velocity distribution, i.c., by the statement of the 
number of molecules, of their co-ordinates and velocity compo- 
nents which lie within each single small region. The number 
of molecules in any one of these different regions is in general 
entirely independent of the number in any other region, for the 
state need not be a stationary one nor one of equilibrium; these 
numbers should therefore all be separately known if the state 
of the gas is to be considered as given in the absolute mechanical 
sense. On the other hand, for the characterization of the state 
in the statistical sense, it is not necessary to go into closer detail 
concerning the molecules present in each elementary space; 
for here the necessary supplement is supplied by the hypothesis 
of molecular chaos, ‘‘ which in spite of its mechanically indeter- 
minate character guarantees the unambiguous sequence of the 
physical events.” 


« 
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(2) Further Elucidation of this Essential Condition of “ Elemen- 
tary Chaos.” Sundry Aspects of Haphazard 


To gain as complete an understanding as possible of this funda- 
mental idea we will now give the views of the several investigators 
as to the physical features of this chaotic state. We have seen 
how PLANckK, the chief expositor of BOLTZMANN, boldly excludes 
from consideration all cases leading to anomalous results, because 
of the very special conditions existing between the molecular data, 
by assuming that these cases do not occur in Nature. PLANCK 
reminds the physicists who object to the hypothesis of elementary 
disorder because they feel it is unnecessary or even unjustifiable, 
that the hypothesis is already much used in Physics, that tacitly 
or otherwise it underlies every computation of the constants 
attached to friction, diffusion and the conduction of heat. On 
the other hand he reminds others, those inclined to regard the 
hypothesis of ‘‘ elementary disorder ”’ as axiomatic, of the theorem 
of H. Porncarg, which excludes this hypothesis for al/ times from 
a space surrounded with absolutely smooth walls. PLANCK says 
that the only escape from the portentous sweep of this proposition 
is that absolutely smooth walls do not exist in Nature. 

The foregoing thought PLANcx has also put in a slightly dif- 
ferent way. Appreciating that all mechanically possible simul- 
taneous arrangements and velocities of molecules are not realized 
in Nature, the concept of “elementary dirorder’’ implies one 
limitation of the conceivable molecular states, namely that, 
between the numerous elements of a physical system there exist 
no other relations than those conditioned by the existing measurable 
mean values of the physical features of the system in question. 

Another, briefer but equivalent, definition is that: “‘ In Nature 
all states and processes which contain numerous independent 
(unkontrollierbar) constituents are in ‘elementary disorder’ 
(elementar ungeordnet).” The constituents are molecular ele- 
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ments in mechanics and in thermodynamics and the energ 
elements in radiation. 

The German word ‘“ unkontrollierbar’’! here used may also 
with some justice be translated as, unconditioned, undetermined, 
unmeasurable, unregulated, uncorrelated, ungovernable or hap- 
hazard. But whichever term is best, PLANCK, mechanically 
speaking, meant by it, the confused, unregulated and whirring 
intermingling of very many atoms. 

Either of these two equivalent definitions implies that such 
elementary disorder or chaos is a condition of sufficiently com- 
plete haphazard to warrant the application of the Theory. of 
Probabilities to the unique (unambiguous) determination of the 
measurable physical features of the process viewed as a whole. 

The foregoing ideas more or less tacitly underlie the whole 
of BoLtzMANN’s great pioneer work in this vast field. He it was 
who clearly showed that the Second Law could be derived from 
mechanical principles: that entropy was a property of every 
state, turbulent or otherwise; that the entropy idea would be 
emancipated from all thought of human, experimental, skill, 
and who thereby raised the Second Law to the position of a real 
principle. He did all this by a general basing of the idea of entropy 
on the idea of probability. Consequently we find much attention 
paid in all his work to haphazard molecular conditions. He 
first used the terms ‘“‘ molekular-geordnet ”’ (molecularly ordered, 
or arranged), and ‘“‘molekular ungeordnet”’ molecularly dis- 
ordered or disarranged), which latter phrase we must regard 
as synonomous with the term “ elementar ungeordnet”’ (elemen- 
tary disorder or chaos) with which we have already become 
acquainted in PLANcx’s presentation. We will, therefore, con- 
fine ourselves here to BoLtzMANn’s illustrations of these terms, 
for his work does not, in these particulars, contain any sharp 


*On p. 133 of Warmestrahlung PLANCK says, “only measurable mean values 
are kontrollierbar,”’ and this may help us to get the meaning here. 
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definitions. Indeed he may have feared over-precision and may 
have trusted to the use he made of the terms at different times 
to convey their meaning. 

Concerning some of the characteristics of BoLTzMANN’s hap- 
hazard motion we take the following from Vol. I of his ‘“ Vorle- 
sungen tiber Gas Theorie.” 

If in a finite part of a gas the variables determining the motion 
of the molecules have different mean values from those in another 
finite part of the gas (for example if the mean density or mean 
velocity of a gas in one-half of a vessel is different from those in 
the other half), or more generally, if any finite part of a gas behaves 
differently from another finite part of a gas, then such a dis- 
tribution is said to be ‘“‘molar-geordnet”’ (in molar order). 
But when the total number of molecules in every unit of volume 
exists under the same conditions and possesses the same number 
of each kind of molecules throughout the changes contemplated, 
then the same number of molecules will leave a unit volume and 
will enter it so that the total number ever present remains the same; 
under such conditions we call the distribution ‘‘ molar-ungeordnet ”’ 
(in molar disorder) and that finite distribution is one of the 
characteristics of the haphazard state to which the Theory of 
Probabilities is applicable. [As another illustration of the excluded 
molar-geordnet states we may instance the case when all motions 
are parallel to one plane.] 

But although in passing from one finite part to another of a gas 
no regularities (of average character) can be discerned, yet infin- 
itesimal parts (say of two or more molecules) may exhibit certain 
regularities, and then the distribution would be ‘“ molekular- 
geordnet ” (molecularly-ordered) although as a whole the gas 
is ‘“‘molar-ungeordnet.”’ For example (to take one of the infinite 
number of possible cases) suppose that the two nearest mole- 
cules always approached each other along their line of centers, 
or if a molecule moving with a particularly slow speed always 
had ten (10) slow neighbors, then the distribution would be 
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“ molekular-geordnet.”” But then the locality of one molecule 
would have some influence on the locality of another molecule 
and then in the Theory of Probabilities the presence of one mole- 
cule in one place would not be independent of the presence of 
some other molecule in some other place. Such dependence 
is not permissible by the Theory of Probabilities. Before, how- 
ever, we can further describe what is here perhaps the most impor- 
tant term (molekular-ungeordnet), we must point out that Boxtz- 
MANN considers the number of molecules m of one kind whose 
component velocities along the co-ordinate axes are confined 
between the limits, 


€and €+d&, ny and n+dyn, Ganddt, .. (1) 


and also the number of molecules m, of another kind whose 
component velocities similarly lie between the limit 


Qtéité1, m+91+¢1, lured Gig. oy se (2) 


then, considering the chances that a molecule m shall have 
velocities between the limits specified in (1) and molecule m, 
have velocities between limits (2), BOLTZMANN intimates that these 
chances are independent of the relative position of the molecules. 
Where there is such complete independence, or absence of all 
minute regularities, the distribution, according to BoLTzMANN, 
is “‘ molekular-ungeordnet ” (molecularly-disordered). 

BOLTzMANN furthermore informs us that, as soon as in a gas, 
the mean length of path is great in comparison with the mean dis- 
tance between two adjacent molecules, the neighboring molecules 
will quickly become different from what they formerly were. 
Therefore it is exceedingly probable that a “ molekular-geord- 
nete”’ (but molar-ungeordnete) distribution would shortly pass 
into a “‘ molekular-ungeordnete ”’ distribution. 

Furthermore, from the constitution of a gas results that the 
place where a molecule collided is entirely independent of the 
spot where its preceding collision took place. Of course, this 
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independence could be maintained for an indefinite time only 
by an infinite number of molecules. 

The place of collision of a pair of molecules must in our 
Theory of Probabilities be independent of the locality from 
which either molecule started. 

From all the preceding we must infer what measure of hap- 
hazard BOLTZMANN considers necessary for the legitimate use of 
the Theory of Probabilities. 

BOLTZMANN in proving his H-Theorem,! which establishes the 
one-sidedness of all atural events, makes the explicit assumption 
that the motion at the start is both ‘‘ molar- und molekular- 
ungeordnet ”’ and remains so. Later on, he assumes the same 
things but adds that if they are not so at the start they will soon 
become so; therefore said assumption does not preclude the con- 
sideration by Probability methods of the general case or the 
passage from “ordnete” to “ungeordnete” conditions which 
characterizes all natural events. 

In fact these very definitions show solicitude for securing the 
uninterrupted operation of the laws of probability. BoLTzMANN 
intimates his approval of S. H. BurBury’s statement of the con- 
dition of independence underlying his work. 

Here S. H. Bursury ? simplifies the matter by assuming that 
any unit of volume of space contains a uniform mixture of 
differently speeded molecules and then says: 

“Let V be the velocity of the center of gravity of amy pair of 
molecules and R their relative velocity. Then the following 
condition (here called A) holds: For any given direction of R 
before collision, all directions of R after collision are equally 
probable. Then Boitzmann’s H-theorem proves that if con- 
dition A be satisfied, then if ali directions of the relative velocity 
R for given V are not equally likely, the effect of collisions 


1In BotrzmMann’s H-Theorem we have a process (consisting of a number of 
separately reversible processes) which is irreversible in the aggregate. 
2 Nature, Vol. LI, p. 78, Nov. 22, 1894. 
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is to make H diminish.” [In essence BurBuRyY’s condition 
A says no more than that Theory of Probabilities is applicable 
for finding number of collisions.] Furthermore, “any actual 
material system receives disturbances from without, the effect 
of which coming at haphazard without regard to state of 
system for the time being is, pro tanto, to renew or maintain 
the independence of the molecular motions, that very distribu- 
tion of co-ordinates (of collision) which is required to make 
HT diminish. So there is a general tendency for H to diminish, 
though it may conceivably increase in particular cases. Just 
as in matters political, change for the better is possible, but the 
tendency is for all change to be from bad to worse.” Here 
Burgury states what is practically true in all actual cases and 
thus furnishes an additional reason, if that were needed, for the 
legitimacy of the Probability method pursued by BoLtzMAnn, and, 
another explanation of why the results obtained are in such per- 
fect accord with experience. 

As Bursury’sremarks with respect tothe nature of “‘elementary 
chaos’”’ under consideration are always illuminating, we will, 
at the risk of repeating something already said, quote the following: 

“The chance that the spheres approaching collision shall 
have velocities within assigned limits is independent of their 
relative position, and of the positions and velocities of all other 
spheres, and also independent of the past history of the system 
except so far as this has altered the distribution of the velocities 
inter se. In the following example this independence is satisfied 
for the initial state and, for the assumed method of distribution, 
has no past history. 

“Example. A great number of equal elastic spheres, each of 
unit mass and diameter a, are at an initial instant set in motion 
within a field S of no force and bounded by elastic walls. The 
initial motion is formed as follows: (1) One person assigns com- 
ponent velocities u, v, w to each sphere according to any law 
subject to the conditions that Xw=Xv=Xw=o and that 
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2 (u?+v?+w?)=a given constant. (2) Another person, in com- 
plete ignorance of the velocities so assigned, scatters the spheres 
at haphazard throughout S$. And they start from the initial 
positions so assigned by (2) with the velocities assigned to them 
respectively by (1).” 

The system thus synthetically constructed would without 
doubt, at the start be ‘‘ molekular-ungeordnet ”—in fact, it is as 
near an approach to chaos as is possible in an imperfect world. 
But there is reason to doubt if it would continue to be thus “‘ molek- 
ular-ungeordnet.”” For the distribution of velocities is according 
to any law consistent with the above-mentioned conditions and 
some such laws would lead to results hostile to the Second Law, 
and then we may safely say such laws of velocity distribution 
would never occur in Nature and would therefore belong to the 
cases which have been specially excepted. 

Now there are mechanical systems which possess the entropy 
property and it has been truly said that the Second Law and irre- 
versibility do not depend on any special peculiarity of heat motion, 
but only on the statistical property of a system possessing an 
extraordinary number of degrees of freedom. In this sense 
Professor J. W. Grzs treated Mechanics statistically and showed 
that then the properties of temperature and entropy resulted. 
This matter has already been touched upon, but as numerous 
degrees of freedom is a feature of the “ elementary chaos ” under 
consideration it deserves repetition here and more than a passing 
mention. 

Illustration of Degrees of Freedom. Refer a body’s motion to 

threeaxes, X, Y,Z. Ifa body has as general a motion as possible, 
it may be resolved into ¢ranslations parallel to the X, Y, Z axes 
and to rotations about these axes. Each of these two sets furnishes 
three components of motion or a total of six components; then 
we say that the perfectly unconstrained motion of the body has 
six degrees of freedom. If a body moves parallel to one of the 
co-ordinate planes, we say it has two degrees of freedom. When 
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we come to consider molecular motion in general and the inde- 
pendence which characterizes the motion of each of the many 
molecules we see that altogether we have here an extraordinary 
number of degrees of freedom, and composed of such is the realm 
of our “‘ elementary chaos.” 

If we go to the other extreme and think of only one atom, 
we see at once that we cannot properly speak of its disorder. 
But the case is different with a moderate number of atoms, say, 
a hundred or a thousand. Here we surely can speak of disorder 
if the co-ordinates of location and the velocity components are 
distributed by haphazard among the atoms. But as the process 
as a whole, the sequence of events in the aggregate, may not 
with this comparatively small number of atoms take place before 
a macroscopic observer in a unique (unambiguous) manner, 
we cannot say that we have here reached a true state of ‘‘ elemen- 
tary chaos.” If we now ask as to the minimum number of atoms 
necessary to make the process an irreversible one, the answer is, 
as many as are necessary to form determinate mean values which 
will define the progress of the state in the macroscopic sense. 
Only for these mean values does the Second Law possess signifi- 
cance; for these, however, it is perfectly exact, just as exact as 
the theorem of probability, which says that the mean value of 
numerous throws with one cubical die is equal to 3}. 

We may now properly infer from all these views that the 
state of ‘‘elementary chaos” (or ‘“molekular ungeordnete ” 
motion) is the necessary condition for adequate haphazard and 
makes the application of the Theory of Probabilities possible. 


(3) Setiled and Unsettled States; Distinction between Final Stage 
of Elementary Chaos and its Preceding Stages 


The immediate purpose in the next few pages is to establish 
the (a) distinction between the successive stages of “ elementary 
disorder” (chaos) as they develop in their inevitable passage 
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from ‘‘ abnormal ” conditions to the final and so-called ‘‘ normal ” 
condition of thermal equilibrium and, furthermore, (6) to show that 
each of these stages is ‘‘ elementar-ungeordnet” and (c) that in 
each one sufficient haphazard prevails to permit the legitimate 
application of the Theory of Probabilities. 

We will first describe the unsettled (abnormal) and settled 
(normal) states, respectively. When we consider the general 
state of a gas ‘“‘ we need not think of the state of equilibrium, 
for this is still further characterized by the condition that its 
entropy is a maximum. Hence in the general or unsettled state 
of the gas an unequal distribution of density may prevail, any 
number of arbitrarily different streams (whirls and eddies) may 
be present, and we may in particular assume that there has taken 
place no sort of equalization between the different velocities of the 
molecules. We may assume beforehand, in perfectly arbitrary 
fashion, the velocities of the molecules as well as their co-ordinates 
of location. But there must exist (in order that we may know 
the state in the macroscopic sense), certain mean values of density 
and velocity, for it is through these very mean values that the 
state is characterized from the macroscopic standpoint.” The 
differences that do exist in the successive stages of disorder of the 
the unsettled state are mainly due to the molecular collisions 
that are constantly taking place and which thus change the 
locus and velocity of each molecule. 

We may now easily describe the settled state as a special case 
of the unsettled one. In the settled state there is an equal dis- 
tribution of density throughout all the elementary spaces, there 
are no different streams (whirls or eddies) present, and an equal 
partition of energy exists for all the elementary spaces. For it 
thermal equilibrium exists, the entropy is a maximum, and tem- 
perature of the state has now a definite meaning, because tem- 
perature is the mean energy of the molecules for this state of 
equilibrium. The condition is said to be a “stationary” or 
permanent one, for the mean values of the density, velocity, and 
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temperature of this particular aggregate no longer change, 
although molecular collisions are still constantly occurring. 

Well-known examples of the unsettled state of a system are: 
The turbulent state with its different streams, whirls, and eddies, 
the state in which the potential and kinetic energy is unequally 
distributed; for instance, when one part is at a high pressure 
and another part at a lower pressure, when one part is hotter 
than another part, and when unmixed gases are present in a 
communicating system. 

A more specific feature of the unsettled state may be found 
in the accompaniment to BurBuRY’s condition A (already men- 
tioned at bottom of p. 15) where it is intimated that (at the start 
and after collision) all directions of the relative velocity R may 
not be equally likely. 

When such differences have all disappeared to the extent that 
equal elementary spaces possess their equal shares of the different 
particles, velocities, and energies, the system will be a settled 
one, be in thermal equilibrium, and will possess a maximum 
entropy and a definite temperature. Moreover, BuRBURY’s con- 
dition A is here fully satisfied. 

At this point we again call attention to the fact, that in both 
the unsettled and settled states of a system all conceivable micro- 
states are not equally likely to obtain. On p. g mention 
was made that the unsettled and the settled state each pos- 
sessed a host of conceivable micro-states which agreed with the 
characteristic averages of their respective macro-states (the 
unsettled and the settled ones), and yet in each set some of these 
led subsequently to events which did not accord with experience. 
Therefore for both the unsettled and the settled state we must 
limit the manifold character of their micro-states by eliminating 
all those micro-states which lead to results contrary to experience. 
This is accomplished by assuming the hypothesis of ‘‘ elementary- 
disorder ” (elementar-ungeordnet) to obtain for the unsettled as 
well as the settled state. Now so far as the haphazard character 
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of the remaining motions are concerned, we might stop right here, 
for the very nature of this hypothesis insures results in harmony 
with experience, i.e., with the undisturbed operation of the laws 
of probability. 

But if we do not stop here, preferring to examine some of the 
special features of fortuitous motion, as detailed on pp. 10, 13, 14 
and 17, we still see that by this hypothesis we have not removed 
the haphazard character of the remaining motions in either the 
unsettled or the settled state. For instance, we have not 
removed BuRBURY’s condition A. We must remember, too, that 
in PLANCK’s briefest statement of “elementary disorder” (bot. of 
p- 11), two important features of haphazard are emphasized, viz.: 
the independence and great number of the constituents. Bo.tz- 
MANN in his Gas Theorie of course considers the special features 
which underlie the application of the Calculus of Probabilities; 
thus he says they are, the great number of molecules and the 
length of their paths, which together make the laws of the colli- 
sion of a molecule in a gas independent of the place where it 
collided before. Neither has the introduction of the hypothesis 
of ‘“‘elementary disorder’ done away with these special features. 
There have simply been excluded trom consideration such pre- 
computed and prearranged regularities in the paths and direc- 
tions of molecules as purposely interfere with the operation of 
the laws of probability. We are still free to consider all the imagin- 
able positions and velocities of the individual molecules which are 
compatible with the mean velocity, density, and temperature 
properly characteristic of each stage of the passage from the 
unsettled to the settled state. For adequate haphazard we only 
need the assumption that the molecules fly so irregularly as to 
permit the operation of the laws of probabilities. Such a presen- 
tation as this of course calls for complete trust that all the specified 
requirements have been adequately met and BoLTzMANN’s emi- 
nence as a mathematical physicist and the endorsement of his peers 
must be our guarantee for such confidence and trust. 
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Before closing this discussion of unsettled and settled states 
we will insert here two remarks, really at this stage, anticipatory in 
their nature. The first is, that under the limitation imposed by our 
supplementary hypothesis of “elementary chaos,” the very sharpest 
definition of any macro-state is the number of its possible micro- 
states. This is evidently the number of permutations, possible with 
the given locus and velocity elements under the restriction imposed 
above. Later on we will find that this number of possible micro- 
states is smaller for the unsettled state than for the settled one. 
This gives us a clean-cut distinction between the two states con- 
templated. The second remark is that the inevitable change in 
the system as a whole is always from the less probable to the more 
probable, is a passage from an unsettled state of the system to 
its settled state and this is here synonymous with the growth of the 
number of possible micro-states. It is this difference between the 
initial and final states which constitutes the universal driving 
motive in all natural events. 


SECTION B 


THe APPLICATION OF CALCULUS OF PROBABILITIES 
IN MOLECULAR PHYSICS. 


(x) The Probability Concept, its Usefulness in the Past, its Present 
Necessity, and its Universality. 


An indication of its essential value in this physical discussion 
is evidenced by the fact that we have almost unwittingly been forced 
to constantly refer to it in all of our preliminaries. But when 
this concept is first broached to a student, he feels about it like 
the “man in the street”; it is by the latter regarded as a matter 
of chance and hence of uncertainty and unreliability; moreover, 
the latter knows in a vague way that the subject has to do with 
averages, that it is often of a statistical nature, and knows that 
statistics in general are widely distrusted. The student is at 
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first likely to share these views with said man in the street, and 
at best feels that its introduction is of remote interest, far fetched, 
and tends to hide and dissipate the kernel of the matter. The 
student must disabuse himself of these false notions by reflecting 
how much there is in Nature that is spontaneous, in other words, 
how many events there are in which there is a passage from a 
less probable to a more probable condition and that he cannot 
afford to despise or ignore a Calculus which measures these 
changes as exactly as possible. 

In this.connection BOLTZMANN says: (W. S. B. d. Akad. d. 
Wiss., Vol. LXVI, B 1872, p. 275). 

“The mechanical theory of heat assumes that the molecules 
of gases are in no way at rest but possess the liveliest sort of motion. 
therefore, even when a body does not change its state, every one 
of its molecules is constantly altering its condition of motion and 
the different molecules likewise simultaneously exist side by side 
in most different conditions. It is solely due to the fact that we 
always get the same average values, even when the most irregular 
occurences take place under the same circumstances, that we can 
explain why we recognize perfectly definite laws in warm bodies. 
For the molecules of the body are so numerous and their motions 
so swift that indeed we do not perceive aught but these average 
values. We might compare the regularity of these average values 
with those furnished by general statistics which, to be sure, are 
likewise derived from occurrences which are also conditioned by 
the wholly incalculable co-operation of the most manifold external 
circumstances. The molecules are as it were like so many indi- 
viduals having the most different kinds of motion, and it is only 
because the number of those which on the average possess the 
same sort of motion is a constant one that the properties of the 
gas remain unchanged. The determination of the average values 
is the task of the Calculus of Probabilities. The problems of 
the mechanical theory of heat are therefore problems in this 
calculus. It would, however, be a mistake to think any uncertainty 
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is attached to the theory of heat because the theorems of probability 
are applied. One must not confuse an imperfectly proved proposi- 
tion (whose truth is consequently doubtful) with a completely estab- 
lished theorem of the Calculus of Probabilities; the latter represents, 
like the result of every other calculus, a necessary consequence 
of certain premises, and if these are correct the result is confirmed 
by experience, provided a sufficient number of cases has been 
observed, which will always be the case with Heat because of the 
enormous number of molecules in a body.” 

To become more specific we will mention some of the problems 
to which the Theory of Probabilities has been profitably applied. 
In business to life and fire insurance; in engineering to reducing 
the inevitable errors of observations by the Method of Least 
Squares; and in physics to the determination of Maxwell’s Law 
of the distribution of velocities. The results thus obtained are 
universally trusted and accepted by experts. Why then should 
this Calculus not be applicable to the more general natural events ? 

In this connection consider some of its good points: (a) It 
eliminates from a problem the accidental elements if the latter 
are sufficiently numerous; (0) it deals legitimately with averages; 
(¢) it involves combination considerations other than averages; 
(d) it is available for non-mechanical as well as mechanical occur- 
rences and thus (e) has a capacity for covering the whole range 
of natural events; giving it a character of universality which is 
now its most valuable asset. 

As an example of this we may instance BOLTZMANN’s deservedly 
famous H-theorem, which establishes the one-sidedness of all 
natural events.! Concerning it, this master in mathematical 
physics says: 

‘Tt can only be deduced from the laws of probability that, if the 
initial state is not especially arranged for a certain purpose, the 


1The H-theorem considers a process (consisting of a number of separate, 
reversible processes) which is irreversible in the aggregate. 
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probability that H decreases is always greater than that it increases. 
In this connection we may add that BottzMANnn looked forward 
to a time,’ when the fundamental equations for the motion of 
individual molecules will prove to be merely approximate formulas, 
which give average values which, according to the Theory of 
Probabilities, result from the co-operation of very many inde- 
pendently moving individuals constituting the surrounding 
medium, for example, in meteorology the laws will refer only to 
average values deduced by the Theory of Probabilities from a 
long series of observations. These individuals must of course be 
so numerous and act so promptly that the correct average values 
will obtain in millionths of a second.” 

To further strengthen our faith we may point out that the 
probability method has been successfully used to determine 
unique results from complicated conditions and has been employed 
for the general treatment of problems. In the case before us 
it has solved the entropy puzzle which has exercised physicists, 
as well as engineers, for decades, and it has thereby emancipated 
the Second Law from all anthropomorphism, from all dependence 
on human experimental skill. When we take the broadest 
possible view of its character, this Calculus enables us to read 
the present riddle of our universe, namely, why it is in its present 
improbable state. We have therefore in this Calculus an engine 
for investigation which is of great power and is likely to play a 
large part in the future in the ascertainment -of physical truth. 
Of course it must then be in the hands of masters. It is they 
and they alone who can properly and adequately interpret such 
a physical problem as the one before us. In scientific work our 
last court of appeal must be Nature, and we therefore say: The 
best justification for the use of the Theory of Probabilities in our 
problem is that its results are in such complete accord with the 
facts. 

In dealing with this physical engine of investigation, we must 
again call attention to some of the features of haphazard necessary 
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for its legitimate application. Of course the statement of these 
features will vary with the mechanical or non-mechanical character 
of the problem to which it is applied. As we are here dealing 
mainly with the former, we will limit ourselves to its features: (a) 
The elements dealt with must be very numerous, strictly speaking, 
infinite; (b) as a phase of (@) we may say also that when we 
speak of the probability of a state we express the thought that 
it can be realized in many different ways; (c) when we speak 
of the relative directions of a pair of molecules all possible direc- 
tions must be considered; (d) we must so weight the elements 
say, in (a), (b), and (c) that they are equally likely; (e) every one 
of the entering elements must possess constituents of which each 
individual is independent of every other; for instance, (f) ina gas 
the place where a molecule collided must be independent of the 
place where it collided before. In our physical problem all of 
these features are not always realized; for instance, the number 
of particles of gas are only finite instead of being infinite; 
again, all relative velocities after collision of a pair of molecules 
are not equally likely; BoLrzmMANN and Bursury provide for these 
shortcomings by very truly asserting that in actual cases we are 
not dealing with isolated systems, that the surrounding walls 
are not impervious to external influences, and that the latter 
come at haphazard without regard to internal state of the system 
at the time, thus renewing and maintaining the desired state of 
haphazard. 

Methods. This Calculus works largely by the determination 
of averages and its results must be interpreted accordingly. 
Moreover, for the present we will take a popular, practical view 
of these results and consider a very great improbability as equiva- 
lent to an impossibility. Numerical computations are essential 
in most uses of this Calculus, but here they will be entirely omitted. 
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(2) What is Meant by the Probability of a State? Example 


To come back to the matter in hand we will now show what 
is here meant by the probability of any state. 

When we speak of the probability W of a particular “ elementar- 
ungeordnete”’ state, we thereby imply that this state may be 
variously realized. For every state (which contains many like 
independent constituents) corresponds to a certain ‘“ distribu- 
tion,” namely, a distribution among the gas molecules of the 
location co-ordinates and of the velocity components. But such 
a distribution is a permutation problem, is always an assignment 
of one set of like elements (co-ordinates, velocity components) 
to a different set of like elements (molecules). So long as only a 
particular state is kept in view, it is of consequence as to how 
many elements of the two sets are thus interchangeably assigned 
to each other and not at all as to which individual elements of 
the one set are assigned to particular individual elements of the 
other set.1 Then a particular state may be realized by a great 
number of assignments individually differing from one another, 
but all equally likely to occur.? If with PLANCK we call such an 
assignment a “‘ complexion,” ? we may now say that in general a 
particular state contains a large number of different, but equally 
likely, complexions. This number, ie., the number of the com- 
plexions included in a given state can now be defined as the proba- 
bility W of the staie.* 

Let us present the matter in still another form. BoLtzMann 
derives the expression for magnitude of the probability by at 


1 For an example of such permutations see pp. 28 and 61, 62. 

? L1ouvILLe’s theorem is the criterion for the equal possibility or equal proba- 
bility of different state distributions. 

® A happy term, but one not in vogue among English-speaking physicists. 

The identity of entropy with the logarithm of this state of probabiliily W 
is established by showing that both are equal to the same expression. It seems 
an easy step from this derivation to BoLtrzMaANnn’s definition of entropy as the 
“measure of the disorder of the motions in a system of mass points.” 
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once distinguishing between a state of a considered system and 
the complexion of the considered system. A state of the system is 
determined by the law of locus and velocity distribution, i.e., by 
a statement of the number of particles which lie in each ele- 
mentary district of space and the number of particles which lie in 
each elementary velocity realm, assuming that among themselves 
these districts and realms are alike and each such infinitesimal 
element still harbors very many particles. Accordingly a particu- 
lar state of the system embraces a very large number of com- 
plexions. For if any two particles belonging to different regions 
swap their co-ordinates and velocities, we get thereby a new 
complexion, but still the same state. Now BoLtTzMANN assumes all 
complexions to be equally probable and therefore the number of 
complexions included in a particular state furnishes at the same 
time the numerical value for the Probability of the state in 
question. Illustration taken from the simultaneous throwing of 
two, ordinary, cubical dice. Suppose that the sum is to be 4 for 
each throw, then this can be realized by the following three com- 
plexions: 


First cube shows 1, the second cube shows 3; 
First cube shows 2, the second cube shows 2; 
First cube shows 3, the second cube shows 1. 


The requirement that the sum on the two cubes shall be 2, how- 
ever, involves but one complexion. Under the circumstances 
therefore the probability of throwing the sum 4 is three times 
as great as throwing the sum 2. 

In closing this part of our presentation, we may make what is 
now an almost obvious remark. The long-lasting difficulty in 
giving a physical meaning to entropy and the Second Law is due 
to the fact of its intimate dependence on considerations of prob- 
ability. It is only quite recently that such considerations have 
attained the dignity of a great working principle in the domain of 
Physics. 


AND OF THE SECOND LAW 29 


SECTION C 


(1) Existence, Definition, Measure, Relations, Properties, and 
Scope of Irreversibitity and Reversibility. 


In establishing the existence of irreversibility, we can use 
one or both of the two general methods of approaching any physical 
problems (see Introduction, pp. 2, 3) we can approach by way 
of the atomic theory or by considering the behavior of aggregates 
in Nature. Enough has already been said in this presentation 
of atomic behavior and arrangements to justify the statement 
that irreversibility is not inherent in the elementary procedures 
themselves but in their irregular arrangement. The motion 
of each atom is by itself reversible, but their combined mean 
effect is to produce something irreversible.! 

This has been rigorously demonstrated by BottTzMANN’s H- 
theorem for molecular physics, and when sufficiently general 
co-ordinates are substituted it is also available for the other domains 
of natural events. When we consider the behavior of aggregates 
we recognize at once a general, empirical law, which has also 
been called the one physical axiom, namely, that all natural 
processes are essentially irreversible. When we use this method 
of approach we confessedly rest entirely on experience, and then 
it does not make any logical difference whether we start with 
one particular fact or another, whether we start with a fact itself 
or its necessary consequence: For instance we may recognize 
that the universe is permanently different after a frictional event 
from what it was before, or we may start, as PLANCK does, by 
putting forward the following proposition: 

“Tt 4s impossible to construct an engine which will work in 


1This would seem to imply the existence of a broader principle, the properties 
of systems as a whole are not necessarily found in their parts. 


30 THE PHYSICAL SIGNIFICANCE OF ENTROPY 


a complete cycle,| and produce no effect except the raising of a wei, 
and the cooling of a heat reservoir.” * 

Now up to this time no natural event has contradicted thi 
theorem or its corollaries. The proof for it is cumulative, wholl) 
experiential and therefore exactly like that for the law of con- 
servation of energy. 

Returning to irreversibility, the matter for immediate dis- 
cussion, we premise that it will here clarify and simplify our 
ideas if we consider all the participating bodies as parts of the 
system experiencing the contemplated process. It is in this 
sense that we must understand the statement: Every natural 
event leaves the universe different from what it was before. 
Speaking very generally, we may say that in this difference lies 
what we call irreversibility. 

Now irreversibility is what really does exist, everywhere in 
Nature, and our idea of reversibility is only a very convenient 
and fruitful fiction; our conception of reversibility must, there- 
fore, ultimately be derived from that of irreversibility. 

“A process which can in no way be completely reversed 
is termed zrreversible, all other processes reversible. That a 
process may be irreversible, it is not sufficient that it cannot be 
directly reversed. ‘This is the case with many mechanical processes 
which are not irreversible (See p. 32). The full requirement 
is, that it be impossible, even with the assistance of all agents 
in Nature, to restore everywhere the exact initial state when the 
process has once taken place.” 

Examples of irreversible processes, which involve only heat 
and mechanical phenomena, may be grouped in four classes: 

(a2) The body whose changes of state are considered is in 
contact with bodies whose temperature differs by a finite amount 


*Such an engine if it would work might be called “ perpetual motion of the 
second kind.” 

> The term perpetual is justified because such an engine would possess the most 
esteemed feature of perpetual motion—power production free of cost. 
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from its own. There is here flow of heat from the hotter to the 
colder body and the process is an irreversible one. 

(0) The body experiences resistance from friction which 
develops heat; it is not possible to effect completely the opposite 
operation of restoring the whole system to its initial state. 

(c) The body expands without at the same time developing 
an amount of external energy which is exactly equal to the work 
of its own elastic forces. For example, this occurs when the 
pressure which a body has to overcome is essentially (i.e., finitely) 
less than the body’s own internal tension. In such a case it is 
not possible to bring the whole system (of which the body is a 
part) completely back into its initial state. Illustrations are: 
steam escaping from a high-pressure boiler, compressed air flowing 
into a vacuum tank, and a spring suddenly released from its 
state of high tension. 

(d) Two gases at the same pressure and temperature are 
separated by a partition. When this is suddenly removed, the 
two gases mix or diffuse. This too is an essentially irreversible 
process. 

Outside of chemical phenomena, we may instance still other 
examples of irreversible processes: flow of electricity in conductors 
of finite resistance, emission of heat and light radiation, and 
decomposition of the atoms of radio-active substances. 

“Numerous reversible processes can at least be imagined, 
as, for instance, those consisting throughout of a succession of 
states of equilibrium, and therefore directly reversible in all their 
parts. Further, all perfectly periodic processes, e.g., an ideal 
pendulum or planetary motion, are reversible, for, at the end of 
every period the initial state is completely restored. Also, all 
mechanical processes with absolutely rigid bodies and incom- 
pressible liquids, as far as friction can be avoided, are reversible. 
By the introduction of suitable machines with absolutely unyield- 
ing connecting-rods, frictionless joints, and bearings, inextensible 
belts, etc., it is always possible to work the machine in such a 
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way as to bring the system completely into its initial state without 
leaving any change in or out of the machines, for the machines 
of themselves do not perform any work.” 

Other examples of such reversible processes are: Free fall in 
a vacuum, propagation of light and sound waves without absorp- 
tion and reflection and unchecked electrical oscillations. All the 
latter processes are either naturally periodic, or they can be made 
completely reversible by suitable devices so that no sort of change 
in Nature remains behind; for example, the free fall of a body 
by utilizing the velocity acquired to bring the body back to its 
original height, light and sound waves by suitably reflecting them 
’ from perfect mirrors. 


(2) Character of Process Decided by the Limiting States 


“Since the decision as to whether a particular process is irre- 
versible or reversible depends only on whether the process can 
in any manner whatsoever be. completely reversed or not, the 
nature of the initial and final states, and not the intermediate 
steps of the process, entirely settle it, The question is, whether 
or not it is possible, starting from the fina] state, to reach the 
initial one in any way without any other change. . . . The final 
state of an irreversible process is evidently in some way discrimi- 
nate from the initial state, while in reversible processes the two 
states are in certain respects equivalent. . . . To discriminate 
between the two states they must be fully characterized. Besides 
the chemical constitution of the systems in question, the physical 
conditions, viz., the state of aggregation, temperature, and pressure 
in both states, must be known, as is necessary for the application 
of the First Law.” 

“Let us consider any process whatsoever occurring in Nature. 
This conducts all participating bodies from a particular initial 
condition A to a certain final condition B. The process is 
either reversible or irreversible, any third possibility being 


AND OF THE SECOND LAW o3 


excluded. But whether it is reversible or irreversible depends 
solely and only on the constitution of the two states A and B, 
not upon the other features of the course; after state B has been 
attained, we must here simply answer the question whether the 
complete return to A can or cannot be effected in any manner 
whatsoever. Now if such complete return from B to A is not 
possible then evidently state B in Nature is somehow distin- 
guished from state A. Nature may be said to prefer state B to 
state A. Reversible processes are a limiting case; here Nature 
manifests no preference and the passage from the one to other 
can take place at pleasure, in either direction. [In the common 
case of isentropic expansion from A to B, there is no exchange 
of heat with the outside; external work is performed at the 
expense of the inner energy of the expanding body. When 
state B is attained we can effect a complete return to A by com- 
pressing isentropically, thus consuming the external work per- 
formed on the trip from A to B and restoring the internal energy 
of the body.] 

“Now it becomes a question of finding a physical magnitude 
whose amountwill serve as a general measure of Nature’s preference 
fora state. This must bea magnitude which is directly determined 
by the state of the contemplated system, without knowing any- 
thing of the past history of the system just as is the case when 
we deal with the state’s energy, volume, etc. This magnitude 
would possess the property of growing in all irreversible processes, 
while in all reversible processes it would remain unchanged. 
The amount of its change in a process would furnish a general 
measure for the irreversibility of the process.” 

- “Now R. Craustus really found such a magnitude and called 
it entropy. Every bodily system possesses in every state a 
particular entropy, and this entropy designates the preference 
of nature for the state in question; in all the processes which 
occur in the system, entropy can only grow, never diminish. 
If we wish to consider a process in which said system is subject to 
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influences from without, we must regard the bodies exerting 
such influences as incorporated with the original system and 
then the statement will hold in the above given form.” 

From what has gone before it is evident that the following 
commonly drawn conclusions are correct: 

An irreversible process is a passage from a less probable to 
a more probable state of the system. 

An irreversible process is a passage from a less stable to a 
more stable state of the system. 

An irreversible process is essentially a spontaneous one, inas- 
much as once started it will proceed without the help of any external 
agency. 

We have in a general way reached the conclusion that entropy 
is both the criterion and the measure of irreversibility. But now 
let us become more specific and go more into certain details, 
namely, the common features in all irreversibility. The property 
of irreversibility is not inherent in the elementary occurrences 
themselves, but only in their irregular arrangement. Irreversi- 
bility depends only on the statistical property of a system possess- 
ing many degrees of freedom, and is therefore essentially based 
on mean values; in this connection we may repeat an earlier 
statement, the individual motions of atoms are in themselves 
reversible, but their result in the aggregate is not. 


(3) All the Irreversible Processes Stand or Fall Together 


This is proved with the help of the theorem (p. 30) which denies 
- the possibility of perpetual motion of the second kind! The 
argument is this: take any case in any one of the four classes of 
irreversible processes given on p. 31. Now if this selected case 


* At this stage we appreciate that any irreversible process isa passage from a 
state A of low entropy toa state B of high entropy. We may simplify our proof 
by considering the return passage from B to A to in part occur isothermally 


and in part isentropically; then external agencies must produce work and absorb 
an equivalent amount of heat. 
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is in reality reversible, i.e., suppose a method were discovered 
of completely reversing this process and thus leave no other change 
whatsoever, then combining the direct course of the process with 
this latter reversed process, they would together constitute a 
cyclical process, which would effect nothing but the production 
of work and the absorption of an equivalent amount of heat. 
But this would be perpetual motion of the second kind, which 
to be sure is denied by the empirical theorem on p. 30. But for 
the sake of the argument we may just now waive said impossibility ; 
then we would have an engine which, co-operating with any 
second (so-called), irreversible process, would completely restore 
the initial state of the whole system without leaving any other 
change whatsoever. Then under our definition on p. 30 this 
second process ceases to be irreversible. The same result will 
obtain for any third, fourth, etc. So that the above proposition 
isestablished. “ All the irreversible processes stand or fall together.” 
If any one of them is reversible all are reversible.} 


(4) Convenience of the Fiction, the Reversibve Processes 


A reversible process we have declared to be only an ideal case, 
a convenient and fruitful fiction which we can imagine by elim- 
inating from an irreversible process one or more of its inevitable 
accompaniments like friction or heat conduction. But reversible 
(as well as irreversible) processes have common features. “They 
resemble each other more than they do any one irreversible process. 
This is evident from an examination of the differential equations 
which control them; the differential with respect to time is always 
of an even order, because the essential sign of time can be reversed. 
Then too they (in whatever domain of physics they may lie) 
have the common property that the Principle of Least Action 


1 With the help of the preceding footnote this argument can be followed through 
in detail for each of the cases enumerated on p. 31; only the complicated case of 
diffusion presents any difficulty. 
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can represent all of them completely and uniquely determines 
the sequence of their events.” They are useful for theoretical 
demonstration and for the study of conditions of equilibrium. 

There is a certain, limited, incomplete sense in which we say 
that we can change from one state of equilibrium to another in 
a reversible manner. For example, we can, considering only the 
one converting (or intermediate) body, effect said change by a 
successive use of isentropic and isothermal change. But this 
ignores all but one of the participating bodies and this is not 
permissible if we strictly adhere to the true definition of complete 
reversible action. 

We must remember too that no other universal measure of 
irreversibility exists than entropy. “ Dissipation’? of energy has 
been put forward as such a measure, but we know already of 
two irreversible cases where there is no change of energy, namely, 
diffusion and expansion of a gas into a vacuum. [Unavailable, 
distributed, scattered energy are terms which could be used here, 
free from all objection.] 

But of course, the full equivalent of entropy can be substituted 
as a universal measure of irreversibility. On p. 27 we have pointed 
out that the number of complexions included in a given state can 
be defined as the probability W of the state, then in a footnote. 
attention is called to the identity of entropy with the logarithm 
of this state of probability = logarithm of the number of complexions 
of the state. This makes entropy a function of the number of 
complexions, so that one may in this sense be regarded as the 
equivalent of the other. We may now properly speak of the 
number of complexions of a state as the universal measure of 
its irreversibility. The physical meaning of irreversibility becomes 
apparent when put in this form. The greater the number of com- 
plexions included in a state the more disordered is its elementary 
condition and the more difficult (more impossible, so to speak), is 
it to directly so influence the constituents of the whole that they 
will reverse the sequence of the mean values the aggregate tends 


AND OF THE SECOND LAW 337 


of itself to assume. An illustration will help to make this clear; 
the irreversible case in which work (i.e., friction) is converted 
into heat. “ For example, the direct reversal of a frictional process 
is impossible because this would presuppose the existence of an 
elementary order among adjacent, mutually interacting molecules. 
For then it must predominantly be the case that the collisions of 
each pair of molecules must bear a certain distinguishable char- 
acter inasmuch as the velocities of two colliding molecules must 
always depend in a determinate manner on the place where they 
meet. Only thereby can it be attained that there will result 
from the collisions predominantly like directed velocities.” 

The outcome of the whole study of irreversibility results in 
the briefly stated law : “‘ There exists in Nature a quantity which 
changes always in the same sense in all natural processes.” 

This boldly asserts the essential one-sidedness of Nature. 
The proposition stated in this general form may be correct or 
incorrect; but whichever it may be it will remain so independently 
of human experimental skill. 


SECTION D 


(1) The Gradual Development of the Idea that Entropy Depends 
on Probability 


Entropy is difficult to conceive, in that, as it does not directly 
affect the senses, there is nothing physical to represent it; it 
cannot be felt like temperature. It has no analogue in the whole 
of Physics; Zeuner’s heat weight will perhaps serve as such for 
reversible states, but is inadequate for irreversible ones. This 
is not surprising when we consider the outcome, namely, that it 
depends on probability considerations. 

Cxavusius coined the term Entropy from the Greek, from a 
word meaning transformation; with him the transformation value 
was equal to the difference between the entropy of the final and 
initial states. As there is a general expression for entropy, we 


\38 THE PHYSICAL SIGNIFICANCE OF ENTROPY 


can readily write the equivalent of any transformation between 
two particular states. y, 

~} Strictly speaking, however, entropy by itself depends only on 
the state in question, not on any change it may experience, nor 
on its past history before reaching the state contemplated.” Of 
course, this was appreciated by such a master mind as CLAUSIUS, 
and, indeed, he defined the entropy as the algebraic sum of the 
transformations necessary to bring a body into its existing state. 
Moreover, as the formula for it was in terms of other more or 
less sensible thermodynamic quantities, its relation to these was 
at first more readily grasped, could be represented diagrammat- 
ically, and had to do duty for the true, but still unknown, physical 
idea of entropy itself. It was early understood, too, that growth 
of entropy was closely connected with the degradation or waste 
of energy; that it was identical with the Second Law. The fre- 
quently given, but not always valid, relation, 


dQ=TdS} 


led to entropy being called a factor of-energy. But all these 
were change relations and did not go to the root of the difficulty, 
as to what constituted the physical nature of unchanged entropy. 

Quite early, too, there was a realization of the fact that 
entropy had somehow a statistical character, that it had to do 
with mean values only. This was well brought out by the long 
known, and much quoted, “demon” experiment suggested by 
Maxwell, in which a being of superhuman power separated, 
without doing any work, the colder and hotter particles of a gas, 
thus effecting an apparent violation of the Second Law. This, to 
be sure, was getting close to the crux of the whole matter, but 
still lacked much to give entropy a precise physical meaning. 
Nevertheless, we see here a notable approach to the fundamental 


' This relation is not a valid one, unless the external work performed by a gas 
during its change is equal to pdV. 
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requirement that entropy must be tied down to the condition of 
“elementary chaos ”’ (elementare-unordnung). 

We have already dwelt somewhat fully on this hypothesis of 
*‘ elementary chaos.” 

“It follows from this presentation that the concepts of entropy 
and temperature in their essence are tied to the condition of 
“elementare Unordnung.” Thus a purely periodic absolute 
plane wave possesses neither entropy nor temperature because 
it contains nothing whatever in the way of uncheckable, non- 
measurable magnitudes, and therefore cannot be “ elementar- 
ungeordnet,” just as little as can be the case with the motion of 
a single rigid atom. When there is [an irregular co-operation of 
many partial oscillations of different periods, which independently 
of each other propagate themselves in the different directions of 
space, or] an irregular, confused, whirring intermingling of many 
atoms, then (and not till then) is there furnished the preliminary 
condition for the validity of the hypothesis of ‘‘ elementare Unord- 
nung and consequently for the existence of entropy and of 
temperature.” 

“Now what mechanical or electro-dynamic magnitude repre- 
sents the entropy of a state? Evidently this magnitude depends 
sn some way on the “ Probability’ of the state. For because 
‘“‘elementare Unordnung ” and the lack of every individual check 
(or measurement) is of the essence of entropy it follows that only 
combination or probability considerations can furnish the necessary 
foothold for the computation of this magnitude. Even the 
hypothesis of “‘ elementare Unordnung” by itself is essentially 
a proposition in Probability, for, out of a vast number of equally 
possible cases, it selects a definite number and declares they do 
not exist in Nature.” 

Now since the idea of entropy, and likewise the content of 
Second Law, is a universal one, and since, moreover, the 
theorems of probability possess no less universal significance, we 
may conjecture (surmise) that the connection between Entropy 
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and Probability will be a very close one. We therefore place 
at the head (forefront) of our further presentation the following 
proposition: “ The Entropy of a physical system in a definite 
condition depends solely on the probability of this state.” The 
permissibility and fruitfulness of this proposition will become 
manifest later in different cases. A general and rigorous proof of 
this proposition will not be attempted at this place. Indeed, 
such an attempt would have no sense here because without a 
numerical statement of the probability of a state it could not be 
tested numerically. 


(6) Planck’s Formula for the Relation between Entropy and the 
Number of Com plexions 


Now we have already seen, from the permutation consider- 
ations presented on p. 27, that the Theory of Probabilities leads 
very directly to the theorem, “‘ The number of complexions included 
in a given state constitutes the probability W of that state.” The 
next step (omitted here) is to identify the thermodynamically 
found expression for entropy of any state with the logarithm 
of its number of complexions. 

PLaANck’s formula for entropy S is: 


S=1.35 loge (number of complexions) 107!®+constant K; 


here K is an arbitrary constant without physical significance 
and can be omitted at pleasure; the numerical value in the first 
term of the second member is the quotient of energy (expressed 
in ergs) divided by temperature (C°). This certainly gives a phys- 
ical definiteness and precision to entropy which leaves nothing 
to be desired. 

PLANCK, in reproducing from probability consideration the 
dependence of entropy S on probability W, finds the relation 


S=k log W-+constant, 


when the dimensions of S evidently depend on those of constant k. 
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Here S is Bottzmann’s value—H, which always «changes 
in one direction only; & is the universal integration constant 
which is the same for a terrestrial as for a cosmical system, and 
when it is known for one, it is known for the other; when & is 
known for radiant phenomena it is also known and is the same 
for molecular motions. 

There are some general statements which indicate more or 
less rigorously some of the properties or features of the entropy 
of a state. 


(a) Entropy is a universal measure of the “disorder” in the 
mass points of a system. 

(6) Entropy is a universal measure of the irreversibility of a 
state and is its criterion as well. 

(c) Entropy is a universal measure of nature’s preference for 
the state. 

(d) Entropy is a universal measure of the spontaneity with 
which a state acts when it is free to change. 

(e) Entropy of a system can only grow. 

(f) Entropy asserts the essential one-sidedness of Nature. 

(g) There exists in Nature a magnitude which always changes 
in the same sense. 

(e), (f), and (g) imply change and therefore, strictly speaking, 

should not be mentioned here but postponed to a later section. 


SECTION E 


EQUIVALENTS OF CHANGE OF ENTROPY IN MoRE or LESS 
GENERAL PHYSICAL TERMS 


Here we are really considering the Second Law, for change 
of entropy is the kernel of this law, in fact is identical with it. 
It will be profitable, however, to view this law in all its many 
physical aspects. To be sure, in times past it has been accounted 
a reproach to the Second Law that it should be stated in so many 
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different forms,! but now that we know precisely that it stands 
for the growth in the number of complexions we can more easily 
trace the connection between any of these rather vague state- 
ments and the present precise definition. As we have in the 
main reserved physical interpretations to a later section we 
need here only bear in mind certain general principles of com- 
parison: 

Any complete summary of the premises necessary for estab- 
lishing the inevitable growth of the number of complexions of 
a system is a valid statement of the second law. 

Any general corollary from said growth is a valid statement 
of the second law. 

When instituting any comparison we must keep in mind also 
the two principal points of view of regarding any physical problem, 
namely, the view of it in the aggregate and that which sees it in 
its constituent parts. 

While we cannot here sharply separate these two points of 
view, we have on the whole sought to present first those statements 
which are based on experience and next those based on the atomic 
theory. 


(r) Growth of entropy is a passage from more to less avail- 
able energy. By available is here meant energy which 
we can direct into any required channel. With the growth 
in the number of complexions we can readily see there 
is greater inability, on the part of the molecules, for that 
concerted and co-operative action which is necessary for 
the putting forth of the energy of a system. 

(2) Growth of entropy is a passage from a concentrated to a 
distributed condition of energy. Energy originally con- 
centrated variously in the system is finally scattered uni- 


* This need cause no surprise, for it is only very recently that the conviction 
is gaining ground that the Second Law has no independent significance, but that 
its full content will only be grasped when its roots are sought in the Theorems of 
the Calculus of Probabilities. 
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formly in said system. In this aggregate aspect it is a 
passage from variety to uniformity. 

(3) Net growth of entropy in all bodies participating in an 
occurrence means thatthe system as a whole has experienced 
an irreversible change of state. This change is of course 
in harmony with the first law of energy, but this growth 
gives additional information as it indicates the direction 
in which a natural process occurs. 

(4) Growth of entropy is from less probable to more probable 
states. 

Growth of entropy is passage to a state more greatly preferred 
by nature. 

Growth of entropy is what obtains whenever a natural process 
occurs ‘‘ spontaneously.” 

unsettled 


Growth of entropy is a passage from ee stable 


settled 
stable 

All these statements are conspicuously based on the theory 

of probabilities. 

(5) Growth of entropy is a passage from a somewhat regulated 
to a less regulated state. It represents, in a certain sense, 
Nature’s escape from thralldom. 

Growth of entropy is a passage from a somewhat ordered 
to a less ordered molecular arrangement. 

Growth of entropy is an increase in the disorder of a system 
of mass points. 

Growth of entropy corresponds to an increase in the number 
of molecular complexions. 

(6) Finally we give a mathematical concept which covers 
the whole domain of physics: ‘‘ Any function whose time 
variation always has the same sign until a certain state 
is reached and is then zero, may be called an entropy 
function.” 


| to more 


conditions. 
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SECTION F 


More PRECISE AND SPECIFIC STATEMENTS OF THE SECOND LAW 


We have here classified these statements in the same way as 
that followed in the preceding section, when grouping the general 
equivalents of the Second Law under the head of change of entropy. 
In making comparisons we must, here as there, bear in mind the 
following three helpful propositions: 

(a) The summary of all the necessary prerequisites (or condi- 
tions) for determining entropy may be regarded as a complete 
and valid statement of the second law. 

(b) Any general consequence of any one correct statement 
of the second law may be regarded as itself a valid and complete 
statement of the second law. 

(c) All cases of irreversibility stand or fall together; if any 
one of them can be completely reversed all can be so reversed. 

In the preceding section we have already given the most 
precise physical statement of the Second Law, namely, when all 
the participating bodies of the system are considered, every 
natural event is marked by an increase in the number of com- 
plexions of the system. We have numbered the following state- 
ments of the second law, for convenience of reference: 

(1) J. W. Grsss. “The impossibility of an uncompensated 
decrease in entropy seems to be reduced to an improbability.” 
This of course considers all the participating bodies of the 
system. 

(2) All changes in nature involve a net growth in entropy; 
when such a change is measured in reversible ways, the growth 
is indicated by the summation: if oe when the teal 

Tea lower 
sign refers to processes which on the whole are completely 
( irreversible | 


Ee arci hie Of course it is now thoroughly understood that 
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the latter case is a purely ideal one, which is really never realized 
in nature and is only a convenient and fruitful fiction in theoretical 
demonstrations. 

(3) M. Piancx. “It is not possible to construct a periodically 
functioning motor which effects nothing more that the lifting 
of a load and the cooling of a heat reservoir.” 

The proof of this is purely experimental and cumulative 
and in this respect is exactly like that for the First Law, the Con- 
servation of Energy, and has exactly the same sort of validity. 

(4) Perpetual motion of an isolated system, such as a mechan- 
ism with friction, is impossible and not even approximately real- 
izable. 

This refers to perpetual motion of the second class, a clear 
illustration of which is given on p. 8 of Goodenough’s Notes on 
Thermodynamics: “A mechanism with friction is inclosed in 
a case through which no energy passes. Let the mechanism be 
started in motion. Because of friction work is converted into 
heat which remains in the system, since no energy passes through 
the case. Suppose that the heat thus produced could be completely 
transformed into work; then this work would be used again to 
overcome friction and the heat thus produced would be again 
transformed into work. We should then have perpetual motion 
in a mechanism with friction without the addition of energy 
from an external source.” This can be shown to be equivalent 
but not identical with the ‘‘ perpetual motion of the second kind,” 
touched upon in p. 30; the latter does confessedly draw on 
external energy and furnishes a surplus of power for use, say, in 
technical service. 

Nominally, such a machine is a case of perpetual motion, but 
not in the usually accepted sense, for it furnishes no surplus of 
power; it is the getting of something for nothing, of getting cost- 
free power, which has always been the attractive feature of so-called 
perpetual motion. Still this machine is as much at variance 
with experience as PLANCK’s perpetually working motor of the 
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second kind. The former may be readily reduced to the latter, 
for it is easy to conceive of such legitimate modification of the 
former as will make it only a special case of the latter. 

(5) The following statements are by distinguished physicists 
and had better here be considered as confined to events occurring 
in closed cycles. 

Craustus. It is impossible for a self-acting machine unaided 
by any external agency to convey heat from one body to another 
of higher temperature. 

CLERK MaxwELL. It is impossible by the unaided action of 
of natural processes to transform any part of the heat of a body 
into mechanical work, except by allowing heat to pass from that 
body to another of lower temperature. 

THomson. It is impossible by means of inanimate material 
agency to derive mechanical effect from any portion of matter 
by cooling it below the temperature of the coldest of surrounding 
objects. 

(6) The efficiency of a perfect engine is independent of the 
working fluid. 

(7) Waste of energy once incurred cannot be diminished in 
the universe, or in any part of it which neither takes in nor gives 
out energy. 

We understand here by waste that residual part of heat of 
which none can be elevated back into work. 

The measure of such waste=To(S2—S,), when To=lowest 
temperature and S2—S,;=change of entropy in a process. This 
brings out emphatically that the Second Law is not a law of con- 
servation, it is a law of waste, a law of wasted opportunities for 
utilizing technically available energy. 

(8) The second law and irreversibility do not depend on any 
special peculiarity of heat motion, but only on the statistical 
property of a system possessing an extraordinary number of 
degrees of freedom. 

(9) M. Prancx. The second law, in its objective physical 
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form (freed from all anthropomorphism) refers to certain mean 
values which are formed from a great number of like “‘ chaotic ” 
elements. 

(10) When all the participating bodies of the system are 
considered, every natural event is marked by an increase in the 
number of complexions of the system. We repeat, this is the 
most precise physical statement of the second law and covers the 
whole domain of science. 

We will not comment further on these statements at this time, 
leaving such discussion of their relations to the section on physical 
interpretations. 
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PART II 
ANALYTICAL EXPRESSIONS FOR A FEW PRIMARY RELATIONS 


AT the beginning of this presentation we disclaimed any pur- 
pose of giving a rigorous proof for any of the many formulas 
with which this subject bristles. We propose only to give in some 
cases an outline of the main steps of the demonstration and 
merely for the purpose of getting a clearer physical insight into 
certain states and relations. Pre-eminent in importance is the 
state of thermal equilibrium (see pp. 19, 52, 53) and we will 
therefore consider first its main characteristic: 


SECTION A 
MAXWELL’s LAW OF DISTRIBUTION OF MOLECULAR VELOCITIES 


Without giving a full proof of the law we will give the main 
steps which lead to its analytical statement, in so doing following 
the presentation given by Hans Lorenz on pp. 526-529 of his 
“Technische Warmelehre,” and will then point out its main 
features and consequences. 

We suppose the gas to contain in a unit of volume 2 molecules 
each possessing a different velocity and direction. Let there be 
a system of three co-ordinate axes, €, 7, 6 A fraction f(&)dé 
of the total number of molecules will possess a velocity in the € 
direction, whose values lie between € and €+dé. The number 
of molecules which at the same time possess velocities in the 7 
direction, lying between » and 4+dy, will be mf(&)déf(n)dn, 
since no preference can be given to either the € or 7 direction. 
Similarly and finally the number of molecules whose velocity 
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co-ordinates concurrently lie between €, 7, ¢, and €+dé, 7+dn, 
¢+dé will be represented by the product 


nf(S)def(n)anf(Oads, 


where the only thing known about function / is that the sum of 
the fractions /(€)d& extended over all the values of € must= unity, 
so that 


J roe=fSpan- fo pater 2. @ 


Now if we suppose all of the velocities of the 2 molecules to 
be laid off as vectors from a pole O, the three directions €, 7, 
¢ will constitute about O a perfectly arbitrary system of co-ordi- 
nates in which (d&) (dy) (dt)=dV designates a volume element ! 
and the velocity p of a molecule is given by 


Paige tee ay, 2 SG) 


1In MaxweELv’s distribution the molecules are assumed to be uniformly scat- 
terred throughout the unit volume; it is the velocities only that are variously 
distributed in the different elementary regions. To realize the haphazard char- 
acter (necessary in Calculus of Probabilities) of the motions of the molecules, we 
must bear in mind that each of the molecules in the unit volume has a different 
velocity and direction; here no direction has preference over another, i.e., one direc- 
tion of a molecule is as likely as another. Here at first we write expression for 
the number of molecules whose velocities parallel to the co-ordinate axes are 
respectively confined between the velocity limits: 


§ and §+d§, 
7 and 7+dn, 
€ and ¢+d¢€. 


To find the number of molecules thus limited the procedure given above isessentially 
as follows: Expressed as a fraction f(€)d&=probability of velocities parallel to & 
axis having values between € and €+dé and expressed as a number nf(§)dé= 
number of molecules having such velocities between the assigned limits; similarly, 
F())dn=probability of velocities parallel to 7 axis having velocities between 7 and 
nt dn. As these are two independent sets of velocities, the probability of their 
concurrence is the product f(€)d&-f(y)dy and the number of molecules thus con- 
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Now if we put through the origin O another system of co-ordi- 
nates of which one axis coincides with any arbitrarily chosen 
velocity p, then in this axis the above-found product will be 
nt(o)f(O)-f(O)dV because the two other co-ordinates (outside 
of e) of the volume element dV will equal zero and no preference 
can be given to any direction. Then it can be shown that the 
form of the function is given by 

&2 
FROSACELE St ale, cece) 


where C, c are integration constants which stand in a certain 
relation to each other, namely, 


1 
Cie) ee ee ee ah ee 
sys (4) 


Further mathematical manipulation eliminates the different 
velocity directions and gives 
ps? 2 ps? 
dn= ne Ce) Pdp=anc(®) SOG C,7 te een) 
for the number of molecules possessing absolute velocities between 
po and p+dp. 

This expression (5) is called Maxwetv’s Law of Distribution; 
it is identical with that found for the probable distribution of 
error in a great number of observations and is graphically shown 
by the following figure, with maximum number of molecules for 
velocity c. The constant ¢ is therefore a velocity from which 


curring is equal tonf(€)d&-f(y)d&. Similarly, the number of molecules concurrently 
possessing velocities parallel to each of the three axes is 


nf (Ede f(y)an fl O)ae. 


The problem is simpler in this Maxwellian case than in the more general case of 
any state of the body in which there is an unequal distribution in space of the 
molecules. 
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most of the molecules differ but little. The development shows 
that this self-same distribution exists for every straight line that 
can be drawn in the volume under consideration. 
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BoLtTzMANN, in his Gas Theorie, has shown that for such a 
state the “number of complexions ” is a maximum, that is, the 


eniropy is then a maximum. 
From the preceeding expression (5) follows that the kinetic 


energy U of the system is 


Brio tid (Leh w 
Uo h € CD pgp =n( MN), Spit nen CO) 


where [w?] is the mean square of the velocity. Integration gives 
Lied ES ck er MRE corpo nnd a 
It is known that the measure of temperature is the mean kinetic 


energy of the individual molecule and not simply the mean square 
of its velocity, and we possess here therefore a perfectly precise 
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definition of temperature. We see also from (7) that temperature 
in a particular gas is directly proportional to either c? or [w?]. 

Maxwe tt further shows without any assumption as to the 
nature of the molecules, or the forces acting between them, that 
the derived law of distribution is valid for any gas mixture, but 
that is it modified when the gas is exposed to the action of external 
forces. 

BoLTzMANN found (Wien. Akad. Sitzber. LXXII B, 1875, p.- 
443) for monatomic gases that in spite of the effect of external 
forces (a) the velocity of any molecule is equally likely to have 
any direction whatever, (0) the velocity distribution in any element 
of space is exactly like that in a gas of equal density and temperature 
' upon which no external forces act, the effect of the external forces 
consisting only in varying the density from place to place as in 
hydrodynamics. 

BOLTZMANN says this “normal ”’ state is permanent (stationary) 
for given external conditions because magnitude H does not 
vary; such a normal state has many configurations, but all agree 
in having same number of complexions. 

Also, ““ MAXWELL’s Velocity Distribution is not a state which 
assigns to each molecule a particular place (locus) and a particular 
velocity, which are reached say by the locus and velocity of each 
molecule asymptotically approaching said assigned locus and 
velocity. With a finite number of molecules MAxwELv’s state will 
never be exactly but only approximately realized. MaxweELv’s 
velocity is not a singular one which is confronted by an immense 
number of non-Maxwellian velocity distributions. On the con- 
trary, among the immense number of possible velocity distributions 
by far the greater number possess the characteristics of the 
MaxweE tt velocity distribution.” 

Max Prancx (Festschrift, p. 113) lucidly dwells on thermal 
equilibrium, entropy and temperature, as follows: 

“The mechanical significance of the temperature idea is 
most closely connected with the mechanical significance of entropy, 
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for the two are connected by TdS=dQ. By answering one of 
these questions we at the same time settle the other.” 

In the earlier days interest was naturally centered in the 
directly measurable magnitude temperature and entropy appeared 
as a more complicated idea which was to be derived from the 
former. Nowadays this relation is rather reversed and the prime 
question is to first explain entropy mechanically and this will 
then define temperature. The reason for this change of attitude 
is that in all such explanatory efforts to present Thermodynamics 
mechanically and give temperature a complete mechanical definition 
it is necessary to come back to the peculiarities of ‘“‘ thermal equi- 
librium.” But the full significance of this equilibrium conception 
is only to be reached from the standpoint of irreversibility. For 
thermal equilibrium can only be defined as the final state toward 
which all irreversible processes strive. In this way the question 
as to temperature leads necessarily to the nature of irreversibility 
and this in turn is solely founded on the existence of the entropy 
function. This magnitude is therefore the primary, general 
conception which is significant for all kinds of states and changes 
of state, while temperature emerges from this with the help of 
the special condition of thermal equilibrium, in which condition 
the entropy attains its maximum. 


SECTION B 


SIMPLE ANALYTICAL EXPRESSION FOR DEPENDENCE OF ENTROPY 
ON PROBABLITY 


Here also we will dispense with a full proof and content our- 
selves with the main steps which lead to the desired expression. 
We will follow PLancx’s elegant presentation on pp. 136-148 of 
his Warmestrahlung. On p. 22 we have dwelt on the usefulness 
and the necessity for the probability idea in general physics and 
in this particular case. We can start, therefore, with PLANCK’s 
theorem: 


54 THE PHYSICAL SIGNIFICANCE OF ENTROPY 


“The entropy of a physical system in a particular state depends 
solely on the probablity of this state.” 

No rigorous proof is here attempted, nor any numerical com- 
putations; for present purposes it will suffice to fix in a general 
way the kind of dependence of entropy on probability. 

Let S designate the entropy and W the probability of a 
physical system in a particular state, then the above theorem 
enunciates that 


CHUGH a acc e E 


where f(W) signifies a universal function of the argument W. 
Now, however W may be defined we can certainly infer from the 
Calculus of Probabilities that the probability of a system, com- 
posed of two entirely independent systems, is equal to the product 
of the separate probabilities of the individual systems. For 
example, if we take for the first systm any terrestrial body what- 
ever and for the second system any hollow space on Sirius, which 
is traversed by radiations, then the probability W, that simultane- 
ously the terrestrial body will be in a particular state 1 and said 
radiation in a particular state 2, will be given by 


W=W,Woe, Pee, re bon Oe. 8 (9) 


where W,, W2 respectively represent the separate probabilities 
of said two states. Now let S;, S2 respectively represent the 
entropies of the separate systems corresponding to said states 
1 and 2, then according to Eq. 8, we have 


Si=f(Wi), Se=f(We). 


But, according to the Second Law of Thermodynamics, the total 
entropy of two independent systems is S=S,+ 2, and conse- 
quently according to (8) and (9), 


f(WiWs) =f(W1) +f(We). 
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From this functional equation f may be determined. After 
successive differentiation there is obtained a differential equation 
of the second order and its general integral is 


J(W) =k log W +constant 


or S=klogW-+constant, .. . . (10) 


which determines the general dependence of entropy on proba- 
bility. The universal integration constant & is the same for a 
terrestrial system as for a cosmical system, and when its numerical 
value is known for either system it will be known for the other; 
indeed, this constant k is the same for physically unlike systems, 
as above, where concurrence between a molecular and a radiating 
system was assumed. The last, additive, constant has no physical 
significance because entropy has an arbitrary additive constant 
and therefore this constant in (10) may be omitted at pleasure. 

Relation (10) contains a general method of computing the 
entropy S from probability considerations. But the relation 
becomes of practical value only when the magnitude W of the 
probability of a system for a certain state can be given numerically. 
The most general and precise definition of this magnitude is an 
important physical problem and first of all demands closer insight 
into the details of what constitutes the “‘ state’ of a physical system. 
[This has been adequately done in the earlier part of this presen- 
tation. Later on pp. 27, 28, permutation considerations led us 
to define the probability W of a state as the number of com- 
plexions included in the given state. ] 
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SECTION C 


DETERMINATION OF A PRECISE, NUMERICAL, EXPRESSION FOR THE 
ENTROPY OF ANY PHYSICAL CONFIGURATION 


PLANCK modestly says that everything essential in the deter- 
mination of this expression has been done by L. Bottzmann, in 
his wide range of physical investigation. PLANckK’s discussion, 
however, is so compact and lucid that it is best suited for our 
purpose. Keeping this purpose in mind we will here also abbre- 
viate by dispensing with parts of PLANcx’s fuller proof and content 
ourselves with the main steps which lead to the desired expression. 
These main steps are as follows: 


(2) Determination of the general expression for the 
Probability or 
| No. of complexions W 
a known macroscopic state; 

(b) Determination of the general expression for the Entropy S 
of a given physical configuration of a known macroscopic 
state; 

(c) Special case of (b) namely, expression for the Entropy S of 
the state of thermal equilibrium of a monatomic gas; 

(d) Confirmation, by equating this value of S with that found 
thermodynamically and then deriving well-known results. 

(e) PLANcK’s conversion of the expressions of (0) and (c) into 
more precise ones by finding numerical values of k 
in CyG oS; units; in) EAP. S.inits: 

(f) Determination of the dimensions of the universal constant & 
and therefore also of entropy in general. 


of a given physical configuration of 
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Step a 


Determination of the Number of Complexions of a given Physical 
Configuration of a Known Macrostate 


We will, for simplicity’s sake, consider here an ideal gas in a 
given macrostate and consisting of N-like, monatomic, molecules. 
By generalizing the meaning of our co-ordinates, the following 
presentation could be made equally applicable to the more general 
case of Physics contemplated under this heading. 
Of course we must here have clearly in mind what is meant 
by the state of a gas. For this we may refer to p. Io (lines 13 to 24) 
and to p. 19 (lines 8 to 24). The conditions there imposed 
are all fulfilled if we suppose the state given in such a way that 
we know: (1) The number of molecules in any macroscopically 
small space (volume element); and (2) the number of molecules 
which lie in a certain macroscopically small velocity region (soon 
to be more fully described). To have the Calculus of Probabilities 
applicable, each of the tiny regions contemplated under (1) and (2) 
must still contain a large number of molecules and their motions 
must besides have all the features of haphazard detailed on pp, 
25, 26; all this is necessary in order that the contemplated 
motions may possess all the characteristics of ‘‘ elementary chaos.” 
Before proceeding further on our main line, we will define 
more fully what is meant by the two elementary regions in which 
lie respectively the molecules and their velocity ends. After 
this has been done we will, for convenience, combine these two 
regions into a fictitious elementary region, say, a six-dimensional 
one. 
First there is the volume element dx-dy-dz=dV, in which 
x and «+dx 

any molecule having co-ordinates lying between  y and y+ dy 
(zg and z+dz 

is located; this element can be conceived as a parallelopipedon 
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whose edges are parallel to the co-ordinate axes; this is the simplest 
of the elementary regions here to be considered. To conceive 
of the elementary region dé-d7-d¢ containing the velocity ends of 
the molecules, let us suppose any origin O for velocities in a unit 
volume and from this as a pole lay off as vectors the molecular 
velocities lying between the limits, 


€ and €+d6&, 
7 and 7+dn, o) ne ee Reon Ee 


GC and ¢+d¢, 


where €, 7, ¢ are the components of said velocities parallel to the 
respective co-ordinate axes. Then, under the velocity limitations 
imposed, the end of the velocity of each such molecule will lie in 
the elementary parallelopiped d&-dy-dt, one vertex of this 
parallelopiped having of course the co-ordinates €, 7, ¢ This 
parallelopiped can be regarded as a constructed volume within 
which the velocity end must lie. We have therefore here two 
elementary volumes dx-dy-dz and d&-dn-d¢ which are inde pendent 
of each other. Now remembering that the probability of any 
properly endowed molecule being found in one of these volumes 
is in each case equal to the number of molecules belonging or 
corresponding to the volume considered. Assuming, for the 
moment, an equal distribution of molecules and velocities through- 
out the whole volume, we may say that the number of molecules 
occurring, in each of the said elementary volumes, is proportional 
to their respective sizes; this is here equivalent to saying that 
the probability of any molecule thus occurring in said elementary 
volumes is proportional to their respective sizes. Having stated 
the probability of each contemplated occurrence, we can now say 
the probability of these two events concurring is equal to the product 
of the probabilities of said two separate occurrences. Moreover, 
as the probability of each occurrence is proportional to the size 


AND OF THE SECOND LAW 59 


of its own elementary volume, the product of said probabilities 
will likewise be proportional to the product 


ax-dy-d2-d=:dy-dG=o 7. © 7, . (12) 


of the two elementary volumes. Here o can be regarded as a sort 
of fictitious volume or region, constructed, say, in a six-dimensional 
space.! 

The extent of such an elementary region is very minute in 
comparison with the total space under consideration, but still 
it must be conceived as sufficiently large to embrace many mole- 
cules, otherwise its state would not be one of ‘“‘ elementary chaos.” 
On account of the equivalence here of probability and number 
of concurring molecules, we may for the present say that the 
number of the latter is proportional to the magnitude of this 
elementary region o. But before we proceed further this last 
statement must be subjected to a correction, for we temporarily 
assumed above that there was an equal distribution of molecules 
and velocities throughout the whole volume. Now at the start, 
in defining the contemplated state, it was distinctly announced 
that there was an unequal distribution of such elementary con- 
ditions, the law of their distribution being given by the known 
number of molecules in each elementary volume dV and in each 
constructed elementary velocity volume d&-dy-d¢. This correction 
is effected by the introduction of a finite proportionality factor, 


I(x, y) a) e ns iS 5 bs 4 * * 4 (13) 


which can be any given function of the location and velocity 
co-ordinates, so long as it fulfills the one condition (put in abbre- 


viated form), 
Deg No ele ed Geek emt A) 


where N =the total number of molecules of the gas. 


1 Such a fictitious space does not occur in the proof of MAXWELL’s distribution, 
because there conditions are simpler. See foot-note to p. 49. 
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Strictly speaking, the expression o for the fictitious elementary 
region o, formed by the product of dV and the constructed- 
volume element d&-dy-dt, should be replaced by the expression 
mc, where m is the mass of a molecule. The reason for this 
substitution is found in the fact that the magnitude of the con- 
structed-volume element d&-dy-d¢ varies with time due to the 
variation of velocities effected by molecular collisions. Now 
this variation of magnitude is not permissible with the probability 
considerations which here obtain. For the probability of a state 
which necessarily follows from another state must be like that 
of the latter. As the momenta after collision are the same as 
before collision, we have now in the momenta, co-ordinates which 
do not vary with time like their constituent velocities. Therefore 
if we substitute in (12) for the velocities €, n, ¢ their corresponding 
momenta, the variation with time of the constructed-volume will 
cease and the objection cited will no longer be a valid one. 

Now let us take up the determination of the number of com- 
plexions W in the given state. For this purpose think of this 
whole state as represented by the sum total of all these equal 
elementary regions mo; for convenience of reference let us call 
this whole state the “ state-region.” The probability that a par- 
ticular molecule will belong to a particular elementary region 
is equally great for all the elementary regions. Let P represent 
the number of these equal elementary regions. Now we will 
proceed with the help of a parallel case. Let us think of as many 
dice NV as there are molecules and let each die be provided with 
P faces. On each of these faces we will write in their order the 
digits 1, 2, 3, . . . P, so that each of the P faces will designate 
a particular elementary region. Then each throw of the N 
dice will result in representing a particular state of the gas, because 
the number of dice which show uppermost a particular digit 
will give the number of molecules belonging to the elementary 
region represented by said digit. In this parallel case each die is 
equally likely to show up any one of the digits 1 to P, corresponding 
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to the circumstance that each individual molecule is equally 
likely to belong to any one of the elementary regions. The 
desired probability W of the given state of the molecules corre- 
sponds therefore to the number of different kinds of throws (com- 
plexions), by which the given distribution f can be realized. 
For example, if we take N=10 molecules (dice) and P=6 
elementary regions (dice faces), and assume that the state is so 
given that it is represented by: 


3 molecules in elementary region 1 
4 ce ce ce 


° 
I 
O 
2 
Then this state can be realized by one throw, in which the to 
dice show the following digits: 
TSt0 2d: 3d 4th sth 6th 7th 8th oth t1oth die 
the egies eet eet Oe? 2 st ee diort HCrs) 


Under each of the 1o dice stands the digit shown uppermost 
in the throw. In fact, we see 


3 dice with digit 1 
4 (a3 “¢ 


cc cc 


Oc1 = SG b& 


° 
ut 
fe} 
2 


In like manner the same state can be realized by many other 
such complexions. The desired number of all possible complex- 
ions can be found by considering the digit row designated above 
by (15). For, since the number of molecules (dice) is given, 
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the digit row will have a particular number of places (1o=N). 
Besides, since the number of molecules belonging to each elemen- 
tary space is given, each digit will occur equally often in the row 
in all permissible complexions. Moreover every change in digit 
arrangement effects a new complexion. The number of the 
possible complexions or the probability W of the given state is 
therefore equal, under the conditions specified, to the possible 
“permutations with repetition.” 1 In the simple example chosen 
we have for such permutation, according to a known formula, 


to! 6 
3! 4lol mole 


Consequently in the general case, we have 


N! 
ST fotos & ae ee 
where the sign II signifies the product extended over all the P 
elementary regions. 

Result contained in (16) is equally true for any other physical 
system, say, one involving radiant energy. For the conditions 
and the variables are similar to those of the molecular system 
just employed. The chosen model, the dice system, which served 
as an easily conceived parallel case, would be equally serviceable 
in dealing with the elements of radiation. 


1 Compare with pp. 27 and 28 where this permutation process is discussed some- 
what fully, 
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Step b 


Determination of a General Expression for the Entropy S of any 
given Natural State 


This step is an easy one. We have in Eq. (10) the relation 
expressing the universal dependence of entropy S on probability 
W. Substituting and writing out the logarithm of the quotient 
given in (16), we have 


S=klog N!—k3 log (f-o)!. 2... (17) 


The summation X must be extended over all the elementary 
regions o. With the help of Strri1nc’s formula, and remembering 
that both o and N= %f-o are constant for all changes of state, 
the above expression (17) is reduced to the form 


Entropy S=constant—kUf-logf-o. . . . (18) 


This magnitude S is numerically the same as H for which Bortz- 
MANN proved that it changed in a one-sided way in all changes 
of state. We must bear in mind too that function f represents, 
for every state of the gas, the given space and velocity distribution 
of the gas molecules. The permanent, stationary, state of the 
gas known as thermal equilibrium is only a special case of the 
general case (18), this special case being widely known as Max- 
WELL’s Law of Distribution of Velocities. 


Step ¢ 


Special Case of (b), Namely, Determination of Entropy S for the 
Thermal Equilibrium of a Monatomic Gas 


This case PLANCK derives very easily from the general case 
represented by (18). As the desired result has already been 
found in another way in pp. 48-53 when dealing with MAxWELL’s 
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Law (of distribution of molecular velocities), we will not repeat 
PLANCK’s derivation of the law from (18). It will suffice here to 
give the results: The law of distribution is given by function 


yy rane) N N\? N 
f=ae BE +a +0) a= (3m ) and =a: (19) 


where a and / are constants and U the totalenergy. As this expres- 
sion for function fis free from all location co-ordinates x, y, z, we see 
that this state of thermal equilibrium is independent of these 
space co-ordinates and conclude that in this state,the molecules 
are uniformly distributed in space; only the velocities are variously 
distributed, all of which accords with the earlier presentation. 
Substituting the results of (19) in the general equation (18) there 
results for the entropy S of the state of equilibrium of a monatomic 
BAS, S=constant+kN($log U+log V). . . . (26) 
To make Eq. (20) practically serviceable we need to know the 
constants k and WN and they will be found later on. 


Step d 
Confirmation, by Equating this Probability Value of S with that 
found Thermodynamically and Securing well-known Results 


We know from Thermodynamics that the change of entropy 
is defined in a perfectly general way (for physical changes) ! by 


_ dU +pav 


dS 7 2) 38 Sah Se eee ae 


Deriving the partial differential coefficients and making use 
of (20), there follows: 


PV pe 5 o> 5 & A (22) 


* This differential equation is valid only for changes of temperature and yolume 
of the body but not for its changes of mass and of chemical composition, for in 
in defining entropy nothing was said of these latter changes. 
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where m=number of gram-molecules (referred to O2=32g) and 
er 
R=8.315 (107) Teg 7 absolute gas constant [1545 in F.P.S. system] 


Here the first of Eqs. (22), represents the combined laws of BoyLe, 
Gay-Lussac, and Avocapro. We get besides from the equating 
of (20) and (21), the additional relations, 


Rn eS 


k=; =o, C= ENG =Anesl, 2-3) 


2 
: 3 erg 
where mechanical equivalent A = 4.19(105) Aah C.G.S. system. 


From this follows 


; C 
pm OO Pape cats paper ee a tel ww (24) 


as is known for monatomic gases. 
Furthermore, we find for the mean kinetic energy L of a 
molecule 


=2T. ee ae eee) 
We also have 
n w wt. of a molecule 


@-N~ im molecular wt. of a molecule Beco aoe ele easee 20) 


With thehelp of the specific heats and the characteristic equation 
of the gas, the whole thermodynamic behavior of the gas is disclosed. 
All this has resulted from the indentification of the mechanical and 
thermodynamic expressions for entropy and is an indication of 
the fruitfulness of the method pursued. PLANcK also shows that 
this method leads to the finding of results heretofore unknown. 
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Step e 


Conversion of the General Expressions in (b) and (c) into more 
Precise ones by Finding and Inserting the Numerical Value of 
the Universal Constant k; Some of the Results 


From the consideration of certain phenomena of radiation 
PLANCK found 


pe =I 346(10-19) a i in absolute C. G. S. system; (27) 


lb 
R= 8 5(f07~ — or) n F. P.S. system, 


where a and 0 are constants found by experiment while a and £ 
are exactly known values, mathematically derived. The present 
accuracy of (27) therefore rests on the accuracy of the experiments 
from which a and b were found. In discussing Eq. (10) it was 
pointed out that & was a universal constant, applicable to all 
physical systems and consequently may be used for the molecular 
configurations mainly considered in this presentation. But before 
introducing numerical value of k in the general expressions con- 
tained under headings 6 and c, we will add other numerical 
values of interest. 

PLANCK gives 2.76(10!%) =number of molecules in 1 ccm. of an 
ideal gas at freezing-point (0° C.) and atmospheric pressure; 


N 
he also gives for the ratio oT 5 (1073) =number of molecules 


per m grams; the corresponding numbers in English units are, 
approximately, 782(1073) =number of molecules in one cubic foot 


; 2.80(1078) ; 
of an ideal gas and ger a =number of molecules in one 


pound of an ideal gas. Assuming air to be an ideal gas and its 
“apparent ” molecular weight about 28.88, the number of mole- 
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cules in one pound of air would be 250 (10%) =0.97(1078). 


Substituting the numerical value of universal constant k in 
Eq. (10) we get Eq. (28). 
For C. G. S. system, Entropy of any natural state, Eq. (28) is 


S =1.346(107!6) loge (W) =1.346(107!®) log, (No. of complexions). 
For F. P. S. system, Entropy of any natural state, Eq. (28) is 
S=5.50(10~4) loge (W) =5.50(10~*4) loge (No. of complexions.) 


To each of these may be added an arbitrary constant. In 
Eq. (20) we may substitute directly the equivalent of the product 
kN found from Eq. (22), and then get for the entropy S of a 
monatomic gas in the state of thermal equilibrium, 


S=constant +7% (4 log. Utlog V)x. o.% 5 (20) 


When the volume V is known we can now readily find N 
and then kN numerically, and place this number as a coefficient 
in Eq. (20). 


Step f 
Determination of the Dimensions of k or of the Entropy S 


It is at once evident from an inspection of the perfectly general 
Eg. (10) that the dimensions of Entropy S depend solely on those 
of the universal constant k. The relation given in Eq. (21) shows 
at once that dimensions of dS depend upon the quotient found 
by dividing energy by temperature and the relations given in 
Eqs. (22) and (25) that the dimensions of constant k also depend 
on this same quotient. The dimensions of Entropy S and of con- 
stant k are therefore identical and this might suffice to show that 
here neither S nor k is to be regarded as a mere ratio or abstract 
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number. A word further in this connection may, however, be 
helpful. In reversible processes we have the well-known relation 
dQ=TdS. To simplify matters, let us suppose heat dQ supplied 
while volume is kept constant, then dQ =c,dT = TdS or 


dT 
dS = 0. eo on cin ht (30) 


Here Entropy S has the same dimensions as c,; now in the 
relation d0=c,dT if we regard c, as an abstract number then, 
in order that the equation shall be homogeneous the factor (dT) 
must represent heat energy like dQ, and this is sometimes done; 
; F er ; : ne: 
in such case (if T retains its ordinary meaning) the quotient a 
in Eq. (30) is no longer a mere ratio or abstract number, but a 
quotient of the dimensions of energy divided by temperature. 


d 
On the other hand, if oe be regarded as of the dimensions 
of the quotient of energy divided by temperature, then we may 


cae Ba f 
consider Fp in (30) as an abstract number or ratio and dS of the 
same dimensions as C,. When an absolute system of units is 
employed, which possesses as one of its features the expression of 
temperature in units of energy, then k, S and c, will all be mere 
ratios or abstract numbers.! 


1See C. V. Burton’s article in Philosophical Transactions, Vol. 23-24, 1887. 


AND OF THE SECOND LAW 69 


PART III 
PHYSICAL INTERPRETATIONS 


SECTION A 


OF THE SIMPLE REVERSIBLE OPERATIONS IN THERMODYNAMICS 


Change under Constant Volume 


WE found above that the entropy of a state was precisely 
defined in a physical way by the number of complexions of that 
state. Now let us see what happens to this number of com- 
plexions when an ideal gas experiences some of the simpler 
changes, of a reversible (non-cyclical) character. We will begin 
with the case in which the volume of the gas remains constant 
while its temperature rises, the final state of the gas having a 
higher temperature than its initial state. 

We see from Eq. (7), p. 51, that c grows and from Eq. (4), 
p. 50, that C diminishes. MaxweE .L’s Law, given by Eq. (5), 


‘ F dn 
p- 50, shows for a given velocity . that the number ae of molecules 


possessing the given velocity is Jess in the final state than it was 
in the initial state, and as the total number m of molecules in the 
gas is unchanged, there will be a greater variety of velocities in 
the final state. This makes the number of possible permutations 
greater in the final state, thus increasing the number of com- 
plexions; consequently, as entropy varies with the logarithm of 
the number of complexions, we see that the entropy of the final 
state is greater than in the initial state and this agrees with 
experience. 
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Isobaric Change 


Next we interpret how the number of complexions are affected 
by isobaric change during a reversible process, again assuming 
that the temperature in the final state is greater than in the 
initial one. Here the steps and the conclusion are exactly the 
same as in the preceding case. In both cases just the opposite 
result is reached when there is a fall in temperature. 

As the pu diagram contains the co-ordinates p, v, and repre- 
sents mainly the mechanical changes in the body under considera- 
tion, we can, by suitable combination, similarly interpret any 
other reversible change of state represented in this pu diagram. 


Isothermal Change 


However, because of its general importance and because of 
its bearing on the temperature-entropy diagram, we will here also 
tell, in the same physical terms, what happens when our ideal 
gas undergoes isothermal change with increase of volume. As 
the temperature in the final state is equal to that in the initial 
one, the quantity [w?]=%c? does not change and therefore C does 


not change nor (see Eq. (5), p. 50) does the number 2 of mole- 


cules possessing the velocity . change. The variety of velocities 


in the final state is therefore the same as in the initial state and 
does not at all contribute to that necessary increase in the num- 
ber of complexions (configurations) for which we are looking. 
The direction of the velocity of a molecule would be another 
variety element, but as the final volume evidently possesses as 
many velocity directions as the initial volume, this element or 
co-ordinate will not contribute to increased complexity in the 
final state. But, as the volume has increased, the final state 
will contain more unit volumes (and these can be taken as small 
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as we please) than the initial state. As it is here equally likely 
that a particular molecule will be found in any one of these unit 
volumes, it is evident that the increase of volume will add increased 
variety to the location or configuration of the molecules and by 
indulging in the swapping of places inherent in the production of 
complexions, we see that said increment of volume will make 
the number of complexions in the final state greater than in the 
initial state, which in turn means that the entropy in the final 
state is also greater. This accords with experience, but it can 
also be seen from the formula 


Entropy S=constant+kN[log 3 U+log V], . . (31) 


derived by PLANCK (p. 63 of Vorl. ti. Theor. Physik), from 
probability considerations, for the state of thermal equilibrium. 
Here & is the universal constant (see p. 66) and the other terms 
have the same meaning as before. 


Isentropic Change 


The last reversible process, to be here physically interpreted, 
is isentropic change from the initial state of thermal equilibrium 
to its final state. Evidently only the physical elements under- 
lying the bracketed term in Eq. (31) need to be considered. 

As we are considering isentropic change (dS=o), it does not 
make any difference whether on the one hand we think of this 
isentropic change as accompanied by an increase in temperature 
and decrease in volume, or on the other hand think of said change 
as taking place with decrease of temperature and increase of 
volume. Suppose we assume the latter kind of change. Then 
from what has preceded we know that increase of volume by 
itself would increase the number of complexions of the final 
state, also, from what has gone before, we know that the drop 
in temperature by itself will lead to decrease in the number of 
complexions in the final state. These two influences acting 
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simultaneously therefore tend to neutralize each other and if 
they exist in the proper ratio, derivable from the bracketed quantity 
in Eq. (31), they will completely balance each other and produce 
no change whatever in the number of complexions while passing 
from the initial to the final state of equilibrium, i.e., will produce 
no change whatever in the entropy of the gas under consideration, 
In isentropic change Nature has no preference for its various 
states. 

The temperature-entropy diagram considers mainly thermal 
changes, and as we have considered the influence of both of its 
co-ordinates in the number of complexions, we can ascertain by 
proper combination, for any reversible change of state, the corre- 
sponding character of the change in the number of complexions. 
It is evident, too, that in the diagram any reversible change of 
state is equivalent, so far as the change of entropy in the one body 
is concerned, to an isentropic change combined with an isothermal 
change, the latter only affecting the result, so far as change in 
nmmber of complexions is concerned. 


SECTION B 
OF THE FUNDAMENTALLY [IRREVERSIBLE PROCESSES 


If we consider only heat and mechanical phenomena and do 
not include electrical occurrences, the irreversible processes may 
be grouped in four classes: 

(2) The body whose changes of state are considered is in 
contact with one or more bodies whose temperatures differ by a 
finite amount from its own. There is here flow of heat from 
hot to cold and the process is an irreversible one. 

(>) When the body experiences friction which develops heat 
it is not possible to effect completely the opposite operation. 

(c) The third group includes those changes of state in which 
a body expands without at the same time developing an amount 
of external energy which is exactly equal to the work of its elastic 
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forces. For example this occurs when the pressure which a 
body has to overcome is essentially (that is, finitely) less than 
the body’s own internal tension. In such a case it is not possible 
to bring said body back to its initial state by a completely opposite 
procedure. Examples of this group are: steam escaping from 
a high-pressure boiler, compressed air flowing into a vacuum tank 
and a spring suddenly released from its state of high tension. 

(d) Suppose two gases existing at the same pressure and 
temperature are on opposite sides of a partition; when the par- 
tition is quickly removed the two gases will diffuse or mix. These 
gases will not unmix of themselves and the diffusion process is 
an irreversible one and is somewhat like the process considered 
under (c). 

The foregoing facts and propositions have in the main already 
been stated in this presentation and it will be profitable to make 
comparisons with the definition of irreversible and reversible 
events given on p. 30 and with the examples on pp. 31, 32. 


HEAT CONDUCTION 


The group under head (a) represents the irreversible processes 
which perhaps occur most often, namely, the direct passage of 
heat, by conduction or radiation, from a hot body to a cold 
body, here say from a hot gas toa cold gas. The former loses 
in heat energy what the latter gains. As radiation phenomena 
have very special features of their own and for the present may 
be said to be outside of our selected province, we will confine 
our attention to heat conduction alone. Moreover, for our present 
purpose, we will suppose said flow or change to take place without 
alteration of volume of either the hot or the cold gas. Then will the 
hot gas experience a drop in temperature and the cold one a rise 
in temperature. We have already treated such isometric changes 
and know that the number of complexions is thereby diminished 
in the originally hotter body and increased in the originally colder 


74 THE PHYSICAL SIGNIFICANCE OF ENTROPY 


one. If this increment is greater than the accompanying decre- 
ment, then the final outcome of this direct passage from hot to 
cold is an increase in the total number of complexions of the 
two gases. There will then, by our precise definition, be a con- 
responding increase in the total entropy of the two systems. It 
is foreign to our present purpose to prove in an independent, 
purely mechanical way, that such excess does finally exist and 
will here content ourselves with the well-known and simple 
thermodynamic expression for this excess, 


o(t-£)>o, on te eee eee 


where Q is the heat energy thus directly transferred from the 
hot to the cold body, 7 the absolute temperature of the hot body 
and T», that of the cold body. 


THE WoRK OF FRICTION IS CONVERTED INTO HEAT 


The group under head (0) contains a class of events which 
usually attends, in one form or another, most natural phenomena. 

We will here consider an interesting (but perhaps too special) 
case, namely, the experiment performed by W. THomson and 
JouLe on the flow of gas through a porous plug. The plug 
obstructed the uniform, non-conducting, passage through which 
the gas was forced without sensibly changing its velocity of flow: 
(See Lorenz’ Technische Warmelehre, p. 275). It can easily be 
shown (in L., p. 274) that with an ideally perfect gas, 


Final temperature 7'2=7 =initial temperature. 


As a matter of fact, there was an actual though slight drop in 
temperature found to exist with the most perfect gases available. 
Evidently the process was a throttling one, reducing the larger 
initial pressure to the smaller final one, which reduction was of 
course accompanied by a corresponding increase in volume. 
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Assuming that an ideally perfect gas was employed in the 
experiment, and that the final state for our consideration is that 
corresponding to its attainment of thermal equilibrium, we see 
that because of the unchanged temperature there is here no loss 
of internal energy, for the work consumed by the friction of the 
porous plug is all returned to the gas by the heat developed by 
said friction. Moreover, the + and — external work in this 
experiment also balance. Now although there has been no loss 
of energy there has been a growth of entropy corresponding to 
the evident increase in the number of complexions. This increase 
is exactly equal to that found for reversible isothermal change 
of state when accompanied by an increase in volume, and the dis- 
cussion is therefore not repeated here. 

One phase of the above process is the conversion of mechanical 
work into heat through the medium of friction. 


INCREASE OF VOLUME WITHOUT PERFORMANCE OF EXTERNAL 
WorK BY ELASTIC FORCES OF THE GAS 


This case of an irreversible process comes into group c. We 
will consider here Jourer’s well-known experiment with the air 
tanks, in which the compressed air, initially stored in the one 
tank, was allowed to discharge into the other tank which, at the 
start, contained only a vacuum. At the end of the experiment, 
when thermal equilibrium obtained, the temperature in the two, 
now connected, tanks was the same as originally existed in the 
compressed-air tank. Here of course it is assumed that the air 
exchanged no heat whatever with the outside. 

As the final state, like the initial state, is in thermal equilibrium, 
and possesses the same temperature, we can ascertain the total 
change in the number of complexions as we did when discussing 
isothermal and reversible changes and because of the accompany- 
ing increase in the volume of the air, find that here as there the 
number of complexions has increased and that therefore the 
entropy of the air has increased in this case. 
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We might rest satisfied with this conclusion, but additional 
light will be shed on entropy significance if we consider more 
in detail the intermediate stages of this evidently irreversible 
process. The rush of air from the full to the empty tank produces 
whirls and eddies of a finite character and it is only when these 
have subsided, by the conversion of the visible or sensible kinetic 
energy of their particles into heat, that thermal equilibrium 
obtains. But at each intermediate stage (while still visibly whirl- 
ing and eddying) the gas possesses entropy, even while in the 
turbulent condition. This is clear from our present physical 
definition of entropy, namely, the logarithm of the number of 
complexions of the state, for it is evident that even in this turbulent 
state it possesses a certain number of complexions, however 
difficult mathematically it may actually be to find this number. 
BoLtTzMANN found an expression for any condition; PLANCK gave 
it the form of Eq. (18), p. 63, 


Entropy =S=constant—kif-logf-o, . . . (33) 


where k = 1.346 (10~!6) (in the C.G.S. system) is a universal constant, 
function f is the law of distribution of the particles and their 
velocity elements and o=dx-dy-dz-d&-dy-dt is a sort of fictitious 
elementary region in a six-dimensional space. From its deriva- 
tion and definition the value given for entropy S in Eq. (33) 
depends only on the state of the body at the instant in question 
and does not at all depend on its history preceding this instant. 
The difference between the value of S for the final state (say, 
as given for a gas by Eq. 20) and the value of S as given by Eq. (33) 
for the instant, constitutes the driving motive which urges the 
gas toward thermal equilibrium. A similar difference or driving 
motive is the underlying impelling cause of all natural phenomena. 
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OF THE DIFFUSION OF GASES 


This case of an irreversible process comes under group d. 
Concerning this phenomenon J. W. Gisss established the follow- 
ing proposition: 

“The entropy of a mixture of gases is the sum of the entropies 
which the individual gases would have, if each at the same temper- 
ature occupied a volume equal to the total volume of the mixture.” 

That the total entropy will be larger as a result of the mixing 
detailed under d, p. 73, may be inferred from the following consid- 
eration: When two gases are thus brought together, it is more 
probable that in any part of the total space available for this 
mixture there will be found both kinds of molecules than only 
one kind of these molecules. 

But this irreversible process can be explained in a more dis- 
tinctly physical way. The two gases are originally at the same 
pressure and temperature; they mix without other changes 
occurring in surrounding bodies; the mixture (when diffusion is 
completed) is at the same pressure and temperature as the 
original gaseous constituents. Considering each gas by itself, 
what has happened as the result of diffusion is that each gas in 
its final state occupies a larger volume than in its initial, unmixed, 
state. The presence of the other gas in the mixture in no wise 
changes this fact. Of course this increment in volume is accom- 
panied by a corresponding decrement in its pressure, without 
change in temperature. A sort of isothermal change of state 
‘has taken place in the passage from one condition of thermal 
equilibrium to the other. We have already scen that then the 
number of complexions of the gas increases and consequently 
also its entropy. The sum of the increments of the number of 
complexions separately experienced by the two diffusing gases 
constitutes an increase in the total number of complexions over 
and above the total number of complexions existing in both gases 
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before diffusion. There is of course a corresponding increase in 
entropy due to such diffusion. 

All these irreversible processes are passages from less stable 
to more stable conditions, from less probable to more probable 
states, or summarizing: 

There is in Nature a constant tendency to equalize tempera- 
ture differences, to convert work into heat, to increase disgrega- 
tion and to promote diffusion. 

This tendency has also been described as the tendency in Nature 
to pass from concentrated to distributed conditions of energy. 

The four irreversible processes just discussed are all sponta- 
neous ones, i.e., they occur without the help of agencies external 
to the bodies directly engaged in the transformations. 

It is evident that the foregoing statements are really identical, 
expressing the same thought in different ways. 


SECTION C 


NEGATIVE CHANGE OF ENTROPY; SOME OF ITS PHYSICAL 
FEATURES OR NECESSARY ACCOMPANIMENTS 


A negative transformation in any part of a system is the 
diminution of entropy which it experiences, and this we know 
means a diminution in the number of complexions of the part 
considered. But there are some features of such negative trans- 
formations which, while they do not in themselves constitute any 
additional principle, deserve special mention. 

Before we make such mention, however, we will anticipate 
a little, and state the Second Law in forms which will make said 
features obvious: 

In an irreversible cycle the sum of the changes of entropies 
experienced by all the bodies concerned is greater than zero. 
When the cycle is reversible in all of its parts, then said sum 
of entropy changes is equal to zero. 

A corollary from this theorem is that, in a cycle, 
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All the negative transformations present < all the positive 
transformations that occur. 
an irreversible 

a reversible 
cyclic feature, then the sum of the entropies of all the bodies par- 
lictpating in any one occurrence is, at the end of the change of con- 
Biion | greater than 

equal to 

From this we see that a negative change of entropy always 
keeps company with an equal or greater positive change of entropy. 

Again, for sake of simplicity, use a gas as an illustration; 
then we may say: (1) Every possible negative transformation in a 
gas is always accompanied by a net positive transformation in 
the other and necessary external agencies. (2) All possible 
negative transformations in a gas are reversible ones. We here 
use the word possible because there is an impossible class of 
negative transformations, namely, those which, so far as order 
and directness are concerned, are the very opposites of the so-called 
spontaneous changes of state. 

It will suffice here to enumerate these opposites: Without 
external heip (@) to pass heat from a cold to a hot body, (0) to 
decrease the volume of a gas, (c) to convert the heat of friction 
directly back into the work which called it forth, (d) to separate the 
gaseous constituents of a mixture. 

By way of contrast we may add, that the so-called spontaneous 
(irreversible) processes were all positive transformations which 
took place without any change whatever in surrounding bodies. 


When there is simply | | process without the 


that at the beginning. 
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SECTION D 


PHYSICAL SIGNIFICANCE OF THE EQUIVALENTS FOR GROWTH OF 
ENTROPY GIVEN ON PAGES 42-43 


According to equivalent (1) growth of entropy is a passage 
from more to less available energy. The comment already made 
on p. 42 indicates sufficiently that this increase in unavailability 
is due to the growth of the ungovernable features of molecular 
motions as number of complexions increases. 

Equivalent (2) states growth of entropy to be a passage from 
a concentrated to a distributed condition of energy. In this 
scattered state the energy is certainly less controllable and for 
the same reason as that given concerning equivalent (1). 

Equivalent (3) is based on the idea of irreversibility, and we 
saw on p. 36 that the growth in the number of complexions is 
the measure as well as the criterion of irreversibility. This growth 
is therefore a sufficient and necessary feature of this equivalent. 

The equivalents grouped under (4) are all based on the theory 
of probabilities. We have seen on pp. 36, 62, and elsewhere, 
that the probability W of a state is the logarithm of the number 
of complexions of the state. This number is therefore a necessary 
feature of this set of equivalents and hence constitutes its 
physical significance. 

The set of equivalents grouped under (5) are all closely 
related, their dependence being more or less indicated by the 
order in which they are there stated. The outcome of the series 
is that growth of entropy corresponds to an increase in the 
number of complexions. 

The mathematical concept stated under (6) covers more than 
molecular configurations; it covers configurations whose elements 
are those of energy as well, and has been successfully applied by 
PLANCK in problems dealing with the energy of radiation. Every 
such configuration has a number of complexions. 
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SECTION E 


PHYSICAL SIGNIFICANCE OF THE More Spreciric STATEMENTS 
OF THE SECOND LAW GIVEN ON PAGES 44-47 


In making here the contemplated comparisons and interpreta- 
tions we must keep in mind the three helpful propositions given 
on p. 44. 

The conservative statement under (1) is confessedly based 
on the Calculus of Probabilities as applied to a mechanical system. 
We repeat here therefore what was said about (4) of the preceding 
series of equivalents, namely, that the number of complexions 
of the state is a necessary feature of this statement of the second 
law and therefore constitutes its physical significance. 

The statement under (2) is a common one. As each of the 
exact definitions of the entropy for every natural event has been 
shown to depend solely on the number of complexions of a system 
(all the bodies participating in the event being considered a part 
of the system) we have here likewise in this number an adequate 
physical explanation of the second law. 

Statements (3), (8) and (9) have already been derived and 
explained in this presentation (see pp. 45, 46) as the result of the 
growth of the number of complexions in every natural event, 
when all the bodies participating in the event are considered. 

Statement (4) is only a slight variation of (3) and needs no 
special comment here. 

The same may be said of the three forms under (5s). 

The statement in (6) is only a corollary resulting from the 
use 01(2) or (4) or (5). 

The statement in (7) of the second law may be objected to 
because the underlying definitions are not entirely free from 
ambiguity and because it lacks a scientifically general character. 
But it expresses compactly a matter of great consequence in 
technical circles. Moreover its explanation in our physical terms 
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is very simple and direct, viz., when waste is incurred there is a 
growth in the number of complexions, the complexity of the 
molecular motions has been increased. Less of the stored-up 
energy is available, less is capable of being directed into certain 
technical channels. Evidently the greater the complexity of 
the molecular motions the less governable they are by any direct 
external force or influence we can bring to bear. This is because 
we are unable to act directly on the individual molecules and 
sway them to our special technical purpose. Our external forces 
and agencies can only operate on the aggregates comprising our 
system and must obey the one-sided law imposed on all such 
aggregates. 
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PART IV 
SUMMARY: 


THE CONNECTION BETWEEN PROBABILITY, IRREVERSIBILITY, 
ENTROPY AND THE SECOND LAw 


SECTION A 


(1) Prerequisites and Conditions Necessary for the Application 
of the Theory of Probabilities 


THESE may be briefly stated to be (a) atomic theory, (b) the 
likeness of particles (or elements), (c) very numerous particles, 
and (d) “ elementary chaos.” 

The first prerequisite is that the body (here a gas) is made up 
of small, discrete particles. This atomic theory has long been 
the foundation stone of chemistry, and is again coming into 
deserved esteem in Physics pure and simple. (See simple and 
clear article in Harper’s Monthly, June, 1910). But this minute 
subdivision must be accompanied by the particles being of the same 
kind, or at least belonging to comparatively few groups, each con- 
taining many particles of thesamesort. This likeness is necessary; 
for only from this likeness results law and order in the whole 
from disorder in the parts. If the constituents were of many 
different kinds, the results in the aggregate would not be so simple 
as we actually find them to be. There is an example of this sort 
of complexity in chemistry. We have already intimated that the 
particles of each kind must be very numerous, but special emphasis 
must be laid on this prerequisite. If we ask how numerous these 
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elements must be in order that the Theory of Probabilities may 
be applicable, the answer is, as many constituents as are necessary 
to determine the mean values which define the state in the macro- 
scopic sense (i.e., in the aggregate condition). An idea of the 
extent to which Nature carries this subdivision is furnished by 
the fact that one grain (avordupois) of air, under standard con- 
ditions, contains, 


14 (102°) molecules, 


i.e., millions of billions of particles! 

The last one of said prerequisites is “ elementary chaos,” 
and needs further elucidation and limitation; we will therefore 
go into this feature at greater length. 

BoLTzMANN has used the term ‘‘ molekular-ungeordnet ”’ 
(molecularly disordered) to designate this chaotic condition of 
the particles, and PLancK has introduced a more general term 
still, ‘‘elementar-ungeordnet”’ (elementary disorder or chaos) 
in order to make the method applicable to phenomena like radia- 
tion, in which the elements are not atoms or particles but partial 
oscillations of different periods. The essence of the matter seems 
to consist in excluding from consideration all such regularities 
in the conditions of the elements as would lead to results at variance 
with the well-known laws of physical phenomena, justifying this 
exclusion by the assumption that no such elementary regularities 
obtain in Nature. This only means that not all of the many 
molecular arrangements, which are conceivable from the purely 
mechanical standpoint, are actually realized. For instance, 
in an isolated gaseous system we could conceive of a succession 
of elementary states at variance with the principle of conservation 
of energy; such a set would obviously not be realized. This 
exclusion or limitation leaves room for various hypotheses as to 
said elementary disarrangement, but to be admissible they must 
all permit of the legitimate application of the Theory of Prob- 
abilities, the best one being ultimately determined by its agreement 
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in the whole with known facts or laws. Evidently by prearrange- 
ment and precomputation there could be obtained molecular 
arrangements which would establish long-continued regularities, 
which would furnish mean results in the aggregate, that would 
be at variance with the well-known behavior of Nature. All 
such cases are here excluded. 

According to PLANCK the unregulated, confused and whirring 
intermingling of very many atoms (in the case of a monatomic 
gas) is the prerequisite for the validity of this hypothesis of 
“elementary chaos.” 


(2) Differences in the States of ‘‘ Elementary Chaos” 


When we consider the general state of a gas we need not think 
of the state of equilibrium, for this is still further characterized 
by the condition that its entropy is a maximum.! 

Hence in the general or unsettled state of the gas an unequal 
distribution of density may prevail, any number of arbitrarily 
different streams (whirls and eddies) may be present, and we 
may in particular assume that there has taken place no sort of 
equalization between the different velocities of the molecules. 
To conceive of said differences we may assume beforehand, in 
perfectly arbitrary fashion, the velocities of the molecules as well 
as their co-ordinates of location. But there must exist (in order 
that we may know the state in the macroscopic sense), certain 
mean values of density and velocity, for it is through these very 
mean values that the state is characterized from the aggregate 
(macroscopic) standpoint. The differences that do exist in the 
successive stages of disorder of the unsettled state are mainly 
due to the molecular collisions that are constantly taking place, 
thus changing the velocity and locus of each molecule. 

Let us for sake of brevity speak of the state of permanence 


1 The rest of the paragraph is a repetition of what was stated at middle of p. 19. 
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finally attained by this chaotic mass as the normal state, and all 
the preceding chaotic states as abnormal states. 


(3) Number of complexions, or probability, of a chaotic state. 


It was shown, in an earlier portion of this presentation, that 
each such chaotic state (abnormal or normal) is characterized 
by its number of complexions, which is determined by the Theory 
of Probabilities. This number is a variable one for the successive 
abnormal states and is a fixed and a maximum one (under given 
external conditions) for the normal state. Now BoLTzMANN 
(by the application of the Theory of Probabilities to this chaotic 
state) has shown that the means of these states vary in one direction 
only, in such a way that the probable number of complexions 
of the successive abnormal states continually grows till it attains 
its maximum in the normal and permanent state. 


SECTION B 
IRREVERSIBILITY 


This one-sidedness of the average action or flux constitutes and 
sharply defines what is meant by irreversibility. It does not 
imply that the motion of any particular atom cannot be reversed, 
but that the order in which these averages (or the number of 
complexions) occur cannot be reversed. We have here a process, 
consisting of a number of separately reversible processes, which 
proves to be irreversible in the aggregate. This is not the only 
possible characterization of the property of irreversibility inherent 
in all natural events, but is perhaps as general and exact a one 
as can be enunciated. Superficially speaking, from the confused 
and irregular motions contemplated, it is quite evident that this 
succession of whirls and eddies cannot be worked directly back- 
ward to bring about, in reverse order, the finite physical state 
which initiated them; for the effecting of such an opposite change 
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would demand a co-operation and concert of action on the part of 
the elementary constituents which is felt to be quite impossible. 
It will not be so general and scientific, but perhaps more easily 
apprehended, if we put this result in terms of human effort, 
namely, ‘“‘by asserting that any process is irreversible we assert 
that by no means within our present or future power can we 
reverse it, i.e., we cannot control the individual molecules.” 


SL CuIONEG 
ENTROPY 


We have seen above that the inevitable growth in the number 
of complexions is the mark of irreversibility; the number of 
complexions at any stage can also in a certain sense be regarded 
as the measure, index or determinant of that stage or state of the 
system of elements under consideration. Any function of the 
number of complexions can be regarded as such measure, index 
or determinant. Now it has been shown by BottzmAnn that 
the expression found thermodynamically for the quantity called 
entropy differs only by a physically insignificant constant from 
the logarithm of said number of complexions. But the latter 
may properly be regarded as a true measure of the probability 
of the system being in the state considered. BotrzMann has 
defined the entropy of a physical system as the logarithm of the 
probability of the mechanical condition of the system and PLANCK 
has cast it into the numerical form, 


S=1.35 log. (“probability’’) 1o—16+ constant K 
=1.35 log, (number of complexions) 10—16+const. K; 
where S is the entropy of any natural state of the body and K is 


an arbitrary constant, the numerical value of the first term of the 
second member is the quotient of the energy (expressed in ergs) 


88 THE PHYSICAL SIGNIFICANCE OF ENTROPY 


divided by the temperature (in centigrade degrees). In English 
units and the F.P.S. system this numerical value is 5.50 (10—4). 
From the whole development we see that entropy S depends 
only on the number of complexions; it should not be considered, 
as is sometimes done, as of the same dimensions of energy or 
anything that may generally be called a factor of energy. 


SECTION D 


THE SECOND LAw 


It is evident that all these results have for their original basis 
the Theory of, Probabilities. Consequently, because these con- 
clusions are thus based, they must be interpreted according to the 
general method underlying this Theory. This method essentially 
is the determination of average (mean) values and calling them 
the probable ones. We therefore conclude that each state is 
characterized by the mean number of complexions belonging 
to that state, that is, by this mean number which changes always 
in a one-sided way, ever in the same sense, inasmuch as it inevitably 
and invariably grows till the normal, settled condition is reached. 

For the sake of clarity we must keep in mind that the motions 
of the individual atoms are reversible and that in this sense the 
irreversible processes are reduced to reversible ones. But the 
process as a whole is not reversible because, by the very act of 
complete reversal, we would suspend the general, chaotic character 
of the elementary motions and give them to this extent a special, 
prearranged feature which would be more or less hostile to the 
original definition of ‘elementary chaos.” The irreversibility 
is not in the elementary events themselves, but solely in their 
irregular arrangement. It is this which guarantees the one-sided 
change of the mean value characteristic of aes one of the successive 
states of the process. 

Now remembering that the kernel of the Second Law is that 
all processes in Nature are irreversible, or, that all changes in 
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Nature vary in one direction only, we can, in the light of what of 
has just preceded, repeat the following precise, scientific state- 
ment: 

“The Second Law, in its objective-physical form (freed from 
all anthropomorphism) refers to certain mean values which are 
found from a great number of like and ‘ chaotic ’ elements.” 

If we now go back to what constitutes the kernel of the Second 
Law, we will see the relevance and force of PLANCK’s enunciation 
of this law: 

“Tt is not possible to construct a periodically functioning 
motor which effects nothing more than the lifting of a load and 
the cooling of a heat reservoir.” 

The proof of this is purely experimental and cumulative, and 
the same may be said of the earlier statement of this law, “ all 
changes in Nature vary in one direction only.” The character 
of this proof is, moreover, exactly like that for the First Law, 
the Conservation of Energy, and has the same sort of validity. 

When we compared and interpreted the current statements of 
the Second Law (pp. 44-47) we enunciated and made use of 
three helpful propositions that will now be repeated: 

(a) All cases of irreversibility stand or fall together; if any one 

can be reversed all can be reversed. 

(b) Any general consequence of any one correct statement of 
the Second Law may be regarded as itself a valid and com- 
plete statement of the Second Law. 

(c) The summary of all the necessary prerequisites (or con- — 
ditions) for determining Entropy may be regarded as a 
complete and valid statement of the Second Law. 

In this connection it will also be helpful to remember PLANCK’s 
statement: “In order that a process may be truly reversible it 
will not suffice to declare that the mediating body is directly 
reversible, but that at the end, everywhere in the whole of Nature, 
the same state must be restored which existed at the beginning 
of said reversible process.” 
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As regards the use of helpful proposition (a): 

We know that PLANck’s motor statement of the Second Law 
was grounded on the well-known irreversible passage of heat from 
a cold toa hot body. But to show the mutual interdependence (a) 
of one irreversible change on every other, we will instance in illus- 
tration the case of a frictional event, or the conversion of mechan- 
ical work into heat. 

If this frictional occurrence could by any simple or complex 
apparatus be made completely reversible so that everywhere, in 
the whole of Nature, the same state would be restored which 
existed at the beginning of the frictional occurrence, then such 
an apparatus would be the motor contemplated in PLANCK’s 
statement of the Second Law, for this periodically running 
apparatus would convert heat into work without any other change 
remaining. A similar line of argument, with a similar result, 
could be pursued with every other case of irreversibility that could 
be adduced. It is evident that, with the help of the above-given 
propositions (a), (b), and (c), the Second Law can be cast into 
many other valid forms. 

We close this presentation of the meaning of the Second Law 
by the remark that this law has no independent significance, for 
its roots go down deep into the Theory of Probabilities. It is 
therefore conceivable that it is applicable to some purely human 
and animate events as well as to inanimate, natural events; 
provided, of course, that the former possess numerous like and 
‘uncontrolled constituents which may be properly characterized 
as “ elementar-ungeordnet,” in other words, provided the variable 
elements present constitute adequate haphazard for the Calculus 
of Probabilities. 
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PART Vi 
REACH AND SCOPE OF SECOND LAW 


SECTION A 


Its EXTENSION TO ALL BODIES 


Ciaustus extended the operation of the Second Law or, what 
is the same thing, the scope of entropy, to all bodies. See RUHL- 
mMANN’S ‘‘ Handbuch d. mech. Warmtheorie,” Vol. I, pp. 395-405. 

BOLTZMANN says in this connection: ‘“‘ As regards entropy, 
solid and liquid bodies do not differ qualitatively from perfect 
gases; the discussion of the entropy of the former, however, 
presents greater mathematical difficulties.” 

Certain features of the entropy of solid and liquid bodies 
have, however, been derived with the help. of ideal gases as tem- 
porary auxiliaries. We consider this argument the simplest and 
therefore now give an outline of PLANCcK’s presentation of the 
matter.} 


PLANCK’S PROOF THAT ALSO FOR ANY OTHER BODIES THAN GASES 
THERE REALLY EXISTS A FUNCTION WHICH POSSESSES THE CHAR- 
ACTERISTICS OF ENTROPY; THE MAIN STEPS ARE NUMBERED 


(1) Expression of entropy for an ideal gas and properties of 


entropy. 
(2) (2) S=M(C, log T+ log v-+const.); fe SA) 
dU+pdV dO 
(b) dS= r ayers ee ee Cone ee (35) 


1 Thermodynamik, 2d Ed., pp. 87-100. 
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where the elastic forces do a work= pdV;; strictly speaking, d’Q is 
not differential of Q the heat supply. 

(3) Two gases (1) and (2) thermally connected, are maintained 
at same temperature but different pressure and change adiabat- 
ically while experiencing change of volumes; then it can be shown 
that for this finite change, S,+S2=constant, that is for the two 
gases the sum of the final entropies=S,!+S .!=S,+S2=sum 
of their initial entropies. No other change is effected in any 
other bodies but in these two gases; here emphasis is laid on 
preposition im; for the work done may be the lifting or lowering 
of a load and such change of location in rigid bodies involves 
no change of inner energy. Changes of density in external bodies 
can be also avoided by having the two gas tanks located in a 
vacuum. 

(4) A similar proposition can be established for a system of any 
number of gases by successively treating the gases in pairs as above. 
The theorem then reads: “If the gas system as a whole possesses 
the same entropy in two different states then the system can be 
brought from one state to the other in a reversible manner without 
changes.remaining in other bodies.” 

(5) We know that the expansion of an ideal gas without doing 
external work and receiving any heat supply is an irreversible 
process. The consequence is that the entropy of this gas increases. 
It follows at once that “it is impossible to diminish the entropy 
of an ideal gas without changes remaining im other bodies.” 

(6) The same result obtains for a system of any number of 
ideal gases. Consequently “there exists in the whole of Nature 
no means (be they of the mechanical, thermal, chemical or electrical 
sort) of diminishing the entropy of a system of ideal gases, without 
changes remaining in other bodies.” 

(7) “Ifa system of ideal gases has changed to another state (pos- 
sibly in an entirely unknown way) without changes remaining 
in other bodies, then the final entropy can certainly not be smaller, 
it can only be greater than or equal to the initial condition. In 
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the former case this process is an irreversible one, in the latter 
case a reversible one. 

“Equality of entropy in the two states therefore constitutes 
a sufficient and at the same time a necessary condition for the 
complete reversibility of the passage from one state to the other, 
provided no changes are to remain behind in other bodies.” 

(8) “This proposition has a very considerable range of validity; 
for there was expressly no limiting assumption made concerning 
the way in which the gas system reached its final condition; the 
proposition is therefore valid not only for slowly and simply 
changing processes but also for any physical and chemical proc- 
esses provided at the end no changes remained im any body out- 
side of the gas system. Nor need we believe that entropy of a 
gas has significance only for states of equilibrium, provided we can 
suppose the gas mass (moving in any way) to consist of sufficiently 
small parts each so homogeneous that it possesses entropy.” ! 

Then the summation must extend over all these gas parts. 
“The velocity has no influence on the entropy, just as little as the 
height of the heavy gas parts above a particular horizontal plane.” 

(9) “The laws thus far deduced for ideal gases can in the 
same way be transferred to any other bodies, the main difference 
in general being that the expression for the entropy of any body 
cannot be written in finite magnitudes because the equation of 
condition is not generally known. But it can always be shown— 
and this is the decisive point—that for any other body there 
really exists a function possessing the characteristic properties 
of entropy.” 

Now let us assume any physically “ homogeneous body, by 
which is meant that the smallest visible space parts of the system 
are completely alike. Here it does not matter whether or no 
the substance is chemically homogeneous, i.e., whether it consists 


1 Jf the motion of the gas is so turbulent that temperature and density cannot 
be defined, then we must have recourse to BoLTzMANN’s broader definition of 
entropy. 
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of entirely like molecules, and consequently it also does not here 
matter whether in the course of the prospective changes of state 
it experiences chemical transformation. . . . When the substance 
is stationary the whole energy of the system will consist of the 
so-called ‘inner’ energy U, which depends only on the mass and 
innerconstitution of the substance, which constitutionis conditioned 
by the temperature and density.” 

(10) Let us suppose that with such a homogeneous body there 
is conducted a certain reversible or irreversible cycle process which 
therefore brings the body exactly back again to its initial con- 
dition. Let the external influences on the body consist in the 
performance of work and in heat supply or withdrawal, which 
heat exchange is to be effected by any number of suitable heat 
reservoirs. At the end of the process no changes remain in the 
body itself, only the heat reservoirs have altered their state. Now 
let us suppose the heat carriers in the reservoirs to be composed 
of purely ideal gases, which may be kept at constant volume or 
under constant pressure, at any rate only be subject to reversible 
changes of volume. According to the last proved proposition, the 
sum of the entropies of all the gases cannot have become smaller, 
for at the end of the process no changes remain in any other body, 
not even in the body which completed the cycle process. 

(11) Let d’Q be the heat gained by the body from some reser- 
voir in an element of time and JT the temperature of the reser- 
voir! at the same moment, then the change of entropy experienced 
by the reservoir at this instant will be 

A @) 
ae 
and in the whole course of time all the reservoirs together will 
experience the entropy change 
/ 
_ xf 


It does not here matter what the temperature of the body is at this instant. 
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and then we know that there must be satisfied the condition 
KO) dQ 
— inp Zo or ua So, % Oo Hs (36) 


which is the form in which CLaustus first enunciated the Second 
Law. 

(12) Another condition for the process considered is furnished 
by the First Law. For each element of time d’Q+A=dU, where 
U is the inner energy of the body and A the work expended upon 
it in an element of time by external means. 

Now let us consider a more special case in which the externa} 
pressure at each instant is equal to the pressure p of the suppos- 
edly stationary body. Then the external work will be represented 
by 
SA ay Ae oy A re ey) 


and then it follows that 
VO=dU+pdV, ~~ . «. « « « (8) 
(13) Furthermore let the temperature of each heat reservoir, 
at the instant when it comes into use, be equal to the simultaneous 


temperature of the body; then the cycle process becomes a revers- 
ible one and the inequality of the second law becomes an equality, 


dO 
a =O, Pest) sue ome ken (20) 


and substitution of above value for d’Q gives 


dU + pdV 
pit =o. ar ier ghee ae AC) 


In this equation there occur only quantities referring to the 
state of the body itself and therefore it can be interpreted without 
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any reference to the heat reservoirs. It contains the following 
proposition : 

“Tf a homogeneous body by suitable treatment is allowed to 
pass through a series of continuous states of equilibrium and 
thus finally to come back to its initial condition, the summation 
of the differential, 

dU + pdV 
th ? 


for all the changes of state will be equal to zero. From this follows 
at once that if the change of state is not allowed to continue to 
the restoration of the initial condition (1), but is stopped at any 
state (2), the value of the sum 


2dU + pdV 
OT ee he ena 


will depend solely on the final state (2) and on the initial state 
(1), and not on the course of the passage from 1 to 2.” ! 

“The last expression is called by Craustus the entropy of 
the body in state 2, referred to state 1 as the zero state. The 
entropy of a body in a particular state is, therefore, like energy, 
completely determined down to an additive constant depending 
on the choice of the zero state.” 

(14) “‘ Let us again designate the entropy by S, then 


_ (dU +pav 
s= ( p0T, 


' This is evident from the fact that the quantities U, p, V, and T, under the 
integral are each a function of the state only and do not depend on its past history. 
This falls far short of being true for turbulent states, for which it is difficult to 
get pand T. PLAncK does not make the preceding statement, but gives instead 
a rigorous proof based on cyclical considerations. 
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or, what amounts to the same thing, by 


yee sae 


yr eer, cate, (42) 


which reduced to the unit of mass becomes 


s du + pdv 


ds T Paratha) 


“This is evidently identical with the value found for an ideal 
gas. But it is equally applicable to every body when its energy 
U=Mzu and volume V=Mv are known as functions, say, of p 
and T,, for the expression for entropy can then be directly deter- 
mined by integration. But since these functions are not com- 
pletely known for any other substance we must in general rest 
content with the differential equation. For the present proof, 
however, and for many applications of the Second Law it suffices 
to know that this differential equation really contains a unique 
definition of entropy.” 

As with an ideal gas, we can now always speak of the entropy 
of any substance as a certain finite magnitude determined by 
the values of the temperature and volume at the instant, and 
can so speak even when the substance experiences any reversible 
or irreversible change. Moreover, the differential equation (43) 
is applicable to any change of state, even an irreversible one, 

In thus applying the idea of entropy there is no conflict with 
its derivation. The entropy of a state is measured by a reversible 
_ process which conducts the body from its present state to the 
zero state, but this ideal process has nothing to do with the changes 
of state that the body has experienced or is going to experience.” 

“On the other hand, we must emphasize that differential 
equation (43) for ds is valid only for changes of temperature and 
volume and is not so for changes of mass or of chemical composi- 
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tion. For changes of the latter sort were never considered in 
defining entropy.” 

(15) ‘‘ Finally, we may designate the sum of the entropies of 
several bodies as the entropy of the system of all the bodies, 
provided the system can be subdivided into infinitesimal elements 
for which uniform density and temperature can be assumed; 
but velocity and force of gravitation do not at all enter into the 
expression for entropy.” 


SECTION B 
GENERAL CONCLUSION AS TO ENTROPY CHANGES 


Now that the existence and value of entropy have been estab- 
lished for every state of any body, we can proceed to draw general 
conclusions in much the same way as that followed with the ideal 
gases. ‘The general result is: 

“Tr Is IN NO WAY POSSIBLE TO DIMINISH THE ENTROPY OF A 
SYSTEM OF BODIES WITHOUT HAVING CHANGES REMAIN IN OTHER 
BODIES.” 

If we admit to the system all the bodies participating in the 
process, this theorem becomes: 

“Every physical and chemical process occurring in Nature 
takes place in such a way that there is an increase in the sum of 
the entropies of the bodies in any way participating in the process.” 

We will close with BoLttzMann’s statement: 

“ The driving motive (or impelling cause) in all natural events 
is the difference between the existing entropy and ils maximum 
value.” 
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Giildner, Hugo. Internal Combustion Engines. Trans, by H. Diederichs. 
4to, 
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Gunther CyOtmesintesrationncne:.c1. 00 ee ok oe. . 2 Seca hre: Poop whe )> 
GurdenSRiel:= lraverse Tables). 12/0 20.2. 0.4... folie, half morocco, 7 50 
Guy, A. E. Experiments on the Flexure of Beams..... cov Os at lees 
Haeder, H. Handbook on the Steam-engine. Trans. by H. H. P. 

LO WIES Sameer OMe Rae inne fetta ase tists, eae en MNCs I2mo, 3 00 
Hainbach, R. Pottery Decoration. Trans. by C. Slater.......... 12mo, *2 00 
Hale, W. J. Calculations of General Chemistry............ oft, 1z2mo, *1 00 
Hall, C. H. Chemistry of Paints and Paint Vehicles’.............12m0,. *2 00 
Hall, R. H. Governors and Governing Mechanism............... 1z2mo, *2 00 
Hall, W.S. Elements of the Differential and Integral Calculus...... 8vo, *2 25 

Desceripiive: Geometryes. swiss are 8vo volume and a 4to atlas, *3 50 
Haller, G. F., and Cunningham, E.T. The Tesla Coil........ (In Press.) 
Halsey, ehewA ee olde: ValveiGears, — hat eas vial Lone vate oe I2mo, I 50 
—— The Use of the Slide Rule. (Science Series.)................16m0, 0 50 
—— Worm and Spiral Gearing. (Science Series.)............... 16mo, 0 50 
Hamilton, W.G. Useful Information for Railway Men.......... 16m0, I oo 
Hammer, W. J. Radium and Other Radio-active Substances....... 8vo, *1 00 
Hancock, H. Textbook of Mechanics and Hydrostatics............ 8vo, I 50 
Hardy, E. Elementary Principles of Graphic Statics............. I2mo, *1 50 
Harper, W. B. Utilization of Wood Waste by Distillation.......... 4to, *3 00 
Harrison, W. B. The Mechanics’ Tool-book.................... T2M0,2 3) 11150 
Hatta oa External Plumbing W ork. 2 ot ee tuts iscteste nA cua uc 8vo, *3 00 
Smeets LOLEMimnbers On OiNtsWIpine ts ne au. suas = cys bie 8vo, *3 00 
Sm UCI pies OLstO PW ater oUpply aid mei keine Soe ey oee ce 8vo, *3 00 

palintany Plambing and: Drainage’ Ay. e.g0 bi. sod teeters wes 8vo, *3 00 
Haskins, C. H. The Galvanometer and Its Uses................. 16mo, 1 50 
Ee besa eA aid See COLOLISh teas Se sncan tons ae, ttl okie Dewar square 12mo, *1 50 
Hausbrand, E. Drying by Means of Air and Steam. Trans. by A. C. 

Wright. . EA Sate PON ne Ae OER OA RE DLA Oe OE 12mo, *2 00 
—— Evaporating, Cenieoning: Ate Coatay Apparatus. Trans. by A. C. 

WEST Ning oes Spe BS an torn hee hie BR ee Scr Me ra ZR Be ue 8vo, *5 00 
Hausner, A. Manufacture of Preserved Foods ona Sweetmeats. Trans. 

yale Morris andpH RONSON yar ger g eote\rat nn ean sats Act sis ita 8vo, *3 00 
Hawke, W. H. Premier Cipher Telegraphic Code..................4t0, *5 00 

100,000 Words Supplement to the Premier Code...............4to, *5 00 
Hawkesworth, J. Graphical Handbook for Reinforced Concrete Design. 

4to, *2 50 
Aye Agee AILELHATIN Oy CUrrentsamerin ac errs .ceic,s shanteclieies,: EO VO ME E5O 
—— Principles of Alternate-current Working. . Nt Mee ee 20 ne OO 
——— Electrical Distributing Networks and Diswabuiieg Tince® POR, BIS 
—— Continuous. Current Engineering... 6. as nt ee ee 8vo, *2 50 
Heap, Major D. P. Electrical Appliances. . s, Reese Receereres th 8vo, 2 00 
Heaviside, O. Electromagnetic Theory. Two valumen Se hoes 8vo, each, *5 oo 
Heck, R. C. H. Steam-Engine and Other Steam Motors. Two Volumes. 

Vol. I. Thermodynamics and the Mechanics.................8vo, *3 50 

Voli. horm, Construction, and Working...<..............<..8V0, “5700 
—— Abridged edition of above volumes (Elementary)... .. 8vo (In Preparation.) 
—— Notes on Elementary Kinematics................... 8vo, boards, *1 00 
a eoecraninics or Machine HOorces,. iia.. h ee cata yn ate oes 8vo, boards, *1z 00 
Hedges, K. Modern Lightning Conductors.................. ..8vo,, 3 00 
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Howorth, J. Repairing and Riveting Glass, China and Earthenware. 


8vo, paper, 

Hubbard, E. The Utilization of Wood-waste..................... 8vo, 
Humber, W. Calculation of Strains in Girders.................. 12mo, 
Humphreys, A.C. The Business Features of Engineering Practice. . 8vo, 
Hurst, G. H. Handbook of the Theory of Color....3.............. 8vo, 
Dictionary of Chemicals and Raw Products.................. 8vo, 

— Lubricating, Oils, Hats and) Greases... 1 9.5 cee 8vo, 
SLO OADSS ap2'c8 ars a Laake: barb dl ae we UR ic es Ke CR ee 8vo, 
== fextile:Soapsiand Oils.57 tu ses) an tee rt eee 8vo, 


Hutchinson R. W., Jr. Long Distance Electric Power Transmission. 12mo, 

Hutchinson, R. W., Jr., and Thlseng, M.C. Electricity in Mining. .12mo, 
(In Press) 

Hutchinson, W. B. Patents and How to Make Money Out of Them. 


I2mo, 
Hiitton; Wi.) steam-boiler Construction. .4.........) ..eeh see 8vo, 
—— Practical Engineer’s Handbook............................ 8vo, 
-~—— The Works’ Manager’s Handbook;.........¢.)....+...0.5-4 8vo, 
Ingle, H. Manual of Agricultural Chemistry .................... 8vo 


Innes, C,H. Problems in Machine Design..,...................12m0 
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Heermann, P. Dyers’ Materials. Trans. by A.C. Wright......... 12mo, 
Hellot, Macquer and D’Apligny. Art of Dyeing Wool, Silk and Cotton. 
8vo, 
Henrict, OmsskeletoniStructuressna: 4.2 yaqcm ee lsete) eee nen 8vo, 
Hermann, F. Painting on Glass and Porcelain. . ot SV Os 
Herrmann, G. The Graphical Statics of Mecuanicn “Trane by A. P. 
Siig tees bens at eee nuhol ans eae Ai are net pate ee 12mo, 
Herzfeld, J. Testing of Yarns and Textile Fabrics................. 8vo, 
Hildebrandt, A. Airships, Past and Present. . Pag .8vo, 
Hill, J. W. The Purification of Public Water Supplies. ‘New Edition. (In Press.) 
—— Interpretation of Water Analysis..................4... (Un Press.) 
Hiroi, I. Statically-Indeterminate Stresses........ . .I2mo, 
Hirshfeld, C. F. Engineering Thermodynamics. (Science Seren ). 16mo, 
Hobart, H. M. Heavy Electrical Engineering..................... 8vo, 
Seas WLOCELICLUY: 2 ehersaTe Re cesar tees Sateen Ae SRL eee ere 8vo, 
Blectric’ L rains. Ae gehen Gat reeds ie ee ML Cee (In Press.) 
Hobbs, W. R. P. The Arithmetic of Electrical Measurements..... r12mo, 
Hoff, J. N. Paint and Varnish Facts and Formulas.............. 12in0, 
Hoff, Com. W. B. The Avoidance of Collisions at Sea... 16mo, morocco, 
Holes Wht ol be DistributionofsGas.n ye. 5 ey ee eee eee ene 8vo, 
Holley, pat Woh oRaliwayeRrachiCe nar ser ements | cnn ise ie Plamen folio, 
Holmes, A. B. The Electric Light Popularly Explained ....12mo, paper, 
Hopkins, N. M. Experimental Electrochemistry...................8v0, 
—— Model Engines and Small Boats........................... r12mo, 
ELOrner-4 |e NSIMECLS A LULTIN ON app aie aie oleracea Ge ere sare Lae 8vo, 
Metal, Durning etek ste csi ste ee ea, coe On ite ae ae 12m0, 
we TOOthed (Gearing ss, cicae-a Nee Meh oan ae eh ened Ae na ae 12mo0, 
Houghton, C. E. The Elements of Mechanics of Materials........12mo, 
Houllevique, L. The Evolution of the Sciences.................. 8vo, 
Howe, G. Mathematics for the Practical Man......... 12mo (Jn Press.) 
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Innes, C. H. Air Compressors and Blowing Engines............. 12mo, 
Centrifugal hi OER ANGL NT? 2) aya chin  NESSR Rn ae me aay idee ran eee Nes 12mo, 
—— The Fan... Se SEMA eat meta Potato het atacand te Lea 12mo, 
Isherwood, B. F. Mavineecine Precedents for Steam Machinery... . .8vo, 
Jamieson, A. Text Book on Steam and Steam Engines.............8vo, 
Elementary Manual on Steam and the Steam Engine......... 12mo, 
Jannettaz, E. Guide to the Determination of Rocks. Trans. by G. W. 
DAVAO TONS Ree gery Leen: CAs ORM nee CR ee ee I2mo, 
NonighoemManiiacture of: Carbotis: esas.) ssn eat eae 8vo, 


Jennings, A.S. Commercial Paints and Painting. (Westminster Series.) 
8vo Un Press.) 


Jennison, F.H. The Manufacture of Lake Pigments.............. 8vo, 
Jepson, G. Cams and the Principles of their Construction..........8vo, 
Time CcHanicalsDrawinpyy sic. 6st can noe ae 8vo (In Preparation.) 
Jockin, W. Arithmetic of the Gold and Silversmith.............. 12mo, 
Johnson, G. L. Photographic Optics and Color Photography....... .8vo, 
Johnson, W. H. The Cultivation and Preparation of Para Rubber... 8vo, 
Johnson, W. McA. The Metallurgy of Nickel.........(/n Preparation.) 
Johnston, J. F. W., and Cameron, C. Elements of Agricultural Chemistry 

PACS COLOOV a raram tte cascade rae an See ure e prt a ea: I2mo, 
Oly woe atdoactivityrand Geology |...) as a0 uk Sang ee ea eas 12mo, 
Jones, H.C. Electrical Nature of Matter and Radioactivity.......12mo0, 
Jones, M. W. Testing Raw Materials Used in Paint..............12mo0, 
Jones, L., and Scard, F.I. Manufacture of Cane Sugar............ 8vo, 
Joynson, F. H. Designing and Construction of Machine Gearing... .8vo, 
Juptner, H. F. V. Siderology: The Science of Iron..............4: 8vo, 
MOAMIS ASCE VA DTIGS Cup ies varie eC Po ane teens tat cna aight aS a dye ee ten cas 4to, 
Kapp, G. Electric’ Transmission of Emergy.....0...2..452-45..> 12mo, 
-—— Dynamos, Motors, Alternators and Rotary Converters. Trans. by 

1G, AS is eyeccb esos ese ok ae lc orate: ccudhate neeeurre rn BREN SRA ORES 8vo, 
Keim, A. W. Prevention of Dampness in Buildings............... 8vo, 


Keller, S.S. Mathematics for Engineering Students. 12mo, half leather. 
Algebra and Trigonometry, with a Chapter on Vectors............. 
Specialeaipepral HditiOnunta mac sce sate eh ore ovens oat stirs 
Pinneratid SoldiGeometryn wea te i) ee cue hie ares oe Fone en 
AnaivticalGeomethy andi Calcniise as: a.0 1a .ne eta ee aia rsa a 


Kelsey, W. R. Continuous-current Dynamos and Motors.......... 8vo, 
Kemble, W. T., and Underhill, C. R. The Periodic Law and the Hydrogen 
Sheohien Sed testa Cc) ak ak Pn RE 8vo, paper, 

Kemp, J. F. Handbook OfROGKS EERE An eae ts oie eae 8vo, 
icendah the Iwelve HigtberCipher Codey. e.-. oe vem pss crn a ets 4to, 
Kennedy, R. Modern Engines and Power Generators. Six Volumes. 4to, 
DINCLCMVOLUTICS: rea eee een an eee cts Sir uae op aieys ee oueiaiedeht each, 
= Blectrical Installations. “Hive Volumes. .............¢..:.-.- 4to, 
UIC CMV IO NTI) CS Mites Manne ere Pace al te Wl Gk esate ts syle sens sae es? each, 
——— Hlyine Machines; Practicevand Design .............2....-- 12m0, 
Kennelly, Av. Blectro-dynamic Machinery......:...+.......4.> 8vo, 
Kershaw, J. B.C. Fuel, Water and Gas Analysis................. 8vo, 


_ = ePiectrometallurgy. (Westminster Series.)..)................-. 8vo, 
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Kershaw, J. B.C. The Electric Furnace in Iron and Steel Production. 


12m0, 
Kingdonse) cAc) wApplied Magnetisiny. aire at stia ce eee ent >. 2OV0} 
Kinzbrunner, C. Alternate Current Windings.....................8v0, 
Continuous, CurrentuArmaturesien cur nc hits eines re iene 8vo, 

—— Testing of Alternating Current Machines..................... 8vo, 
Kirkaldy, W. G. David Kirkaldy’s System of Mechanical Testing....4to, 
Kirkbride). .engravinputor Illustration) 2-28 as. aie 8vo, 
Kirkwood,.)..bs = riltration-of RiversW.atersy ws. 5 assis. ae 4to, 
Klein, J. F. Design of a High-speed Steam-engine................ 8vo, 
Kileinhans she: b. DOllerCOnstructhiOle ceils asin amon teen e 8vo, 
Knight, Lieut.-Com. A. M. Modern Seamanship.................. 8vo, 
ELA LE tin OL OCCO matty potest se Sessa NT MI ORE ie ST en ee a ee 
Knox, W. F. Logarithm Tables. . Rae ese (In dieing ak ) 
Knott, C. G., and Mackay, J. S. Dricheat Mathetatite ft OVO$ 
Koester, F: Steam-Electric Power Plants. .......:..../......-...-4t0, 
—— Hydroelectric Developments and Engineering................. 4to, 
Koller 0s) the Utilizattonsorsw aste;Productsai. seh nn eee ono, 
— Cosmetics...... eld ae Pee Nl ea Hea elite We mains an 2 a 8vo, 


Krauch, C. Testing of Chemical Reagents. Trans. by J. A. Williamson 
ANd Wis DUPLO an cen eer eae 


Lambert, T. Lead and its Compounds 
=————= Bone Products and Manures «2. °3)..os ene oe eee 8vo, 
Lamborn, L. L. Cottonseed Products............ 


——— Modern Soaps, Candles, andGlycerin..... -4.0%...:s255:5-- RMON.) 


Lamprecht, R. Recovery Work After Pit Fires. ivans, oy C. Salter. .8vo, 
Lanchester, F. W. Aerial Flight. Two Volumes. 8vo. 

Vol. I. Aerodynamics. . 

Vol. II. Aerodonetics. . Gear thb Tha ge ey eee 
Larner, E. T. Principles of Alecnating Currents Lived Zak CON pata 12mo, 
Larrabee, C.S. Cipher and Secret Letter and Telegraphic Code....16mo, 
Lassar-Cohn, Dr. Modern Scientific Chemistry. Trans. by M. M. Patti- 


SOD, Misin ote ahve ax ey ete Ai ia an fo ey ee ge ..12m0, 

peat M.N. Handbook of American ee Practicenannavos 
SAMEerICan Producer Gas: Practices. wis ted: ie ees 4to, 
Leask, A. R. Breakdowns at Sea.. oh os a7) Soaeeee a 12mo, 
—— Triple and Quadruple Bupa scion facies ie 12m0, 
euRettigerating, Machinetiy ser sarser crete eu te ferrc ne ree I2mo, 
ae S.T.S. ‘“ Wrinkles” in Practical Navigation......... .8vo, 
Leeds, C.C. Mechanical Drawing for Trade Schools....... oblong 4to, 


High School Edition’: sess see tea eae nee 
Machinery -Irades Edition, =... eee ee 
Lefévre, L. Architectural Pottery. Trans. by H. K. Bird and W. M. 


BTS eo Ft Ms hee hited, OP ts EAE! ae ty Ac ee 4to, 
Lehner, S. Ink Manufacture. Trans. by A. Morris and H. Robson. .8vo, 
Lemstrom, S. Electricity in Agriculture and Horticulture... ... RNY; 
Lewes, V. B. Liquid and Gaseous Fuels. (Westminster Series.).. . .8vo, 
Lieber, B. F. Lieber’s Standard Telegraphic Code.................8vo, 
— Code. German Edition........... ech Ror tyes tis ont 8vo, 


—— —— Spanish Edition......... : .. .8vo, 
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Ibiehet yp Beeh Code. He hrench Hditionieea tis)... ecios cia. i EoVOwe so 
Seem LOCIDIN AMATI CE Sty. acu Ruch ose Wu Seta. bacon an acai Als as 8yvo, 
ER LICOCI SPA PPEUCIX aaete At, ue, Wey to Nee SIN Guus saya folio, 
——= Ear dive lab lest tacitis tor cn Ree Log Ie nae es Fy td dian aree oh 4to, 
—— Bankers and Stockbrokers’ Code and Merchants and Shippers’ Blank 
MPa DLe Semen ne te ccas iad ma. Regcateny On yet te SECA en UN hte 8vo, 
TO0;000;000: Combination Codesnc came te 6 aie ec ner, 6 8vo, 
Seem IIT COLIN COG Sarita. ee weace tn Wie ee eae or in nul comet tte 8vo, 
Livermore, V. P., and Williams, J. How to Become a Competent Motor- 
LULA) epee cerca co erga 0 ea ent ne ern A Pree at 12mo, 
Livingstone, R. Design and Construction of Commutators......... 8vo, 
Lobben, P. Machinists’ and Draftsmen’s Handbook................8vo, 
Locke, A. G. and C.G. Manufacture of Sulphuric Acid............ 8vo, 
Lockwood, T. D. Electricity, Magnetism, and Electro-telegraphy... .8vo, 
—— Electrical Measurement and the Galvanometer.............. 12mo, 
odge.O: a) elementary WleChanics 10. mse). o Joe Senge r2mo, 
———- vir nalling Across space: Without Wiles... 4.24. 26 tek 8vo, 
icord eRe sl eeeDecotative-and: Fancy Fabrics...cao~ eet ihe ee ae 8vo, 


Loring, A. E. A Handbook of the Electromagnetic Telegraph... ..16mo, 
Lowenstein, L. C., and Crissey, C. P. Centrifugal Pumps... . (Jn Press.) 
PUICKC MCE an GAS ENGINE DESipn t- wa a pees a ete he eos 8vo, 
Power Plants: their Design, Efficiency, and Power Costs. 2 vols. 
(In Preparation.) 


-—— Power Plant Papers. FormI. The Steam Power Plant....... paper, 
Lunge, G. Coal-tar and Ammonia. Two Volumes................8vo0, 
— Manufacture of Sulphuric Acid and Alkali. Three Volumes... .8vo, 


Violiole eoulphuric2ACid.. li) tWOnpartSn.cia a: Aiur States se teens 
Vol. II. Salt Cake, Hydrochloric Acid and Leblanc Soda. In two 


— Technical Chemists’ Handbook.................... 12m0, leather, 
—— Technical Methods of Chemical Analysis. Trans. by C. A. Keane. 
in collaboration with the corps of specialists. 


NViOlesee le ee DIME WOLD ALCS pounder Nee ee Are Sees nd aie RO i aaed: Rage ee 8vo, * 
Wiolselicand VLG paca erste et, ater oo yas sens ....(Un Preparation.) 
Lupton, A., Parr, G. D. A., and Perkin, H. Electricity as Applied to 
GW a Dov eaten ote, cS Ecce = tReet ae es api 8vo, 
Puguer Lia. MineralsringROckiseCtlOUs).=, :..5-v-1oiecie c i ojsertee 8vo, 
Wace Wels HoCAs me -HOOdsLNSPECtlOlle ms astepr ies coer wales ae a seats cela 8vo, 
Mackie, J. How to Make a Woolen Mill Pay..................... 8vo, 


Mackrow, C. Naval Architect’s and Shipbuilder’s Pocket-book. 
16mo, leather, 
Maguire, Capt. E. The Attack and Defense of Coast Fortifications. . .8vo, 


Maguire, Wm. R. Domestic Sanitary Drainage and Plumbing... ... 8vo, 
Marks, E.C.R. Construction of Cranes and Lifting Machinery....12mo, 
— Construction and Working of Pumps...................... 12mo, 
—— Manufacture of Iron and Steel Tubes....................-. 12mo, 

Mechanical Engineering Materials......................-.- I2mo, 
Marks, G. C. Hydraulic Power Engineering...................... 8vo, 


=I NVeENtIONS «Patents and DESIGNS iycepetes ys ese er ee I2mo, 
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Markham, E.R. The American Steel Worker...................12m0, 
Marlow, T.G. Drying Machinery and Practice.................... 8vo, 
Marsh, C. F. Concise Treatise on Reinforced Concrete.............8v0, 
Marsh, C. F..and Dunn, W. Reinforced Concrete................. 4to, 


Manual of Reinforced Concrete and Concrete Block Construction. 
. 16mo, morocco, 
Massie, W. W., and Underhill, C. R. Wireless Telegraphy and Telephony. 

12mo, 
Matheson, D. Australian Saw-Miller’s Log and Timbcr Ready Reckoner. 
12mo, leather, 


MathoteRs 2.  InternaliCombustiom Engines, 1. 6j aoe eee 8vo, 
Maurice, W. Electric Blasting Apparatus and Explosives...........8vo, 
Shotul ireris(Guidert pees Sere rn tering yea ere eda te ee 8vo, 
Maxwell, W. H., and Brown, J. T. Encyclopedia of Municipal and Sani- 
tALYVi Mig INeering ae wir. Mrs aa tere eer yeas ee we Reet 4to, 
MayeruAyM. Lecture Notes‘om Physicsias.;c. 5 24 - ete tien ae 8vo, 
McCullough, RiiSaaechanicals ih heorysoWieedtire iin ss teva rca 8vo, 
Melntochin|: G.cul echnologysof OU garnets chur kis eet eee 8vo, 
ae LI NGUSthial WAICONOL bm ceCnseeis nemahnss water cote etches sate) ohn ave 8vo, 
—— Manufacture of Varnishes and Kindred Industries. Three Volumes. 
8vo. 


Vols ie). Oil Crushing, Refining and Boling ave. soe e ee ie ae 
Vol. II. Varnish Materials and Oil Varnish Making.............. 


BVO Ls SDT CEE ois Bie SIL ERAT OM a PSM) A eNO A (In Preparation.) 
McMechen, F. L. Tests for Ores, Minerals and Metals............12m0, 
McNeill Bs McNeillis'C oder, om Myr ae ait seer en atari nein eee cae ee ane 8vo, 
McPherson, J. A. Water-works Distribution..................... 8vo, 
MehckwG. aw a DairyaLaboratory Gitidev=. near eyier n ene nee 12mo, 
Merck, E. Chemical Reagents; Their Purity and Tests............ 8vo, 
Merritt, Wm. H. Field Testing for Gold and Silver.......16mo, leather, 
Meyer, J. G. A., and Pecker, C. G. Mechanical Drawing and Machine 

DSS eT a |e ae yee hk tet ccs ec eet ee Pe Rees ee eC 4to, 
Michelle Os uitler Draina ye ue: melee) Se tnresceeue tee N20 Orme pa ae eee 8vo, 
Mierzinski, S. Waterproofing of Fabrics. Trans. by A. Morris and H. 

RODS OTN ascot ree eR Re al eer eee a an 8vo, 
Miller, E. H. Quantitative Analysis for Mining Engineers.......... 8vo, 
Maroy; iow. W 1. Home Lace=makinoyen wt) eri een eee 12mo, 
MininesWee Mechanical: Drawing emmorse ei ote es cree ete eee 8vo, 
Modern Meteorology: x coor, te. eetceeeeee een On: cin ci nee ec at es I2mo, 
Monckton, C. C. F. Radiotelegraphy. (Westminster Series.)...... 8vo, 
Monteverde, R. D. Vest Pocket Glossary of English-Spanish, Spanish- 

English lechticall erm. ar ieee eae 64mo, leather, 
Moore, E.C.S. New Tables for the Complete Solution of Ganguillet and 

ASG ET: SUM OF Mla ete. Tate ene ent et eee 8vo, 
Moreing, C. A., and Neal, T. New General and Mining Telegraph Code, 8vo, 
Morgan, A. P. Wireless Telegraph Apparatus for Amateurs....... 12m0, 
Moses, AG) | pmulberenaracters ofiOrystalsm ant yan eee 8vo, 
Moses, A. J., and Parsons, C. L. Elements of Mineralogy.......... 8vo, 
Moss, S.A. Elements of Gas Engine Design. (Science Series.)... .16mo, 
—— The Lay-out of Corliss Valve Gears. (Science Series.)..... .16mo, 
Mullin, J. P. Modern Moulding and Patiern-making.............12mo, 
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Munby, A. E. Chemistry and Physics of Building Materials. (Westmin- 


PECTS SCLICCN Mensch trier ane A nen See aN, Bence ay RANT) 4 oc 8vo, 
Murphyseieoaebractical MininpH. ..eveunet Getdcr nt cer aie el een alto 16mo, 
Murray, J. A. Soilsand Manures. (Westminster Series.).......... 8vo, 
Nadie tA cg opal Chemisti yaa. mil atan ses otis dow ar vrirartin chee 12mo, 
Wasmith) jo. The:student’s Cotton Spinning: ... 244.945 «2 <cls a 8vo, 
Nerz; Hen wearchlights.. rans, by C.;Rodgers. 72,5. tas ~scneaces « 8vo, 
Neuberger, H., and Noalhat, H. Technology of Petroleum. Trans. by J. 

Sz Meintoshveeconan: mig neytitren a hein ate ee pte niches 8vo, 
Newall, J. W. Drawing, Sizing and Cutting Bevel-gears........... .8vo, 
Newlands, J. Carpenters and Joiners’ Assistant......folio, half morocco, 
Nicol, G. Ship Construction and Calculations.....................8vo, 
Nipher, F. E. Theory of Magnetic Measurements................12m0, 
Nisbet.~tuw Gtalimar-otLextile Desi n> ant. kay vite Gm a one 8vo, 
NOL MACp A ELOW On WILesBULOINE Sor a’. euttcts ain shee se caeina cayek 12mo, 
Nugent ela dreatise Ons Opticsis a. te aa ccretaake wesaitta ete mee Aare 12mo, 
O’Connor, H. The Gas Engineer’s Pocketbook...... Paral 12m0, leather, 
eee ORO MALTA GE aici cit ul Waa apie eee eee A cucmn ca ere: I2mo, 
Olsson, A. Motor Control, in Turret Turning and Gun Elevating. (U.S. 

Navy lectricalsSeries WNT. po aig ae 12m0, paper, 
Olsen, J. C. Text-book of Quantitative Chemical Analysis..........8vo, 
Oudin, M. A. Standard Polyphase Apparatus and Systems..........8vo, 


Palaz, A. Industrial Photometry. Trans. by G. W. Patterson, Jr... 8vo, 


Pamely, C. Colliery Manager’s Handbook..................... .8vo, 
Parr, G. D. A. Electrical Engineering Measuring Instruments...... 8vo, 
Parry, E. J. Chemistry of Essential Oils and Artificial Perfumes... .8vo, 
Parry, E. J., and Coste, J. H. Chemistry of Pigments. -.7-%....... 8vo, 
Parry, L. A. Risk and Dangers of Various Occupations............ 8vo, 
Parshall, H. F.,and Hobart, H.M. Armature Windings............ 4to, 
—— Electric Railway Engineering.......<............. PS ATE Be c 4to, 
Parshall, H. F., and Parry, E. Electrical Equipment of Tramways... .(/n 
PATSONS Ole] ee Laleable Caster Onin cots nu canaenh dues et Sign 8vo, 
Passmore, A.C. Technical Terms Used in Architecture............ 8vo, 
Patterson, D. The Color Printing of Carpet Yarns.................8vo, 
ColomMatchine onelexpiles me ym wont cane rn aa ates ail 8vo, 
=the Science, Of COLT Mixing. varia satane o) marpncle enacts toe ee 8vo, 
Patton, H. B. Lecture Notes on Crystallography.................. 8vo, 
Paulding, C. P. Condensation of Steam in Covered and Bare Pipes. .8vo, 
__-— Transmission of Heat through Cold-storage Insulation.......12mo, 
Peirce pb uP oystemoteanalytic Mechanics: 0 g).< 2. ee ateas ple wiles acre 4to, 
Pendred, V. The Railway Locomotive. (Westminster Series.)..... 8vo, 
Perkin, F. M. Practical Methods of Inorganic Chemistry.........12mo0, 
PericorO., Es wChangerGears Devices is cz). atese, pt ue) saad arial < « 8vo, 
Perrine, F. A. C. Conductors for Electrical Distribution........... .8vo, 
Retit, Gow nite: Leadiand=Zinc White;Paintsyy ein. 8vo, 
Petit, R.. How to Build an Aeroplane. Trans. by T. O’B. Hubbard, and 
nid whee Oct gammnmree tee Sg cn fe bate by ad au cke\ airy: 8vo, 


Deri) Applied MCCHAMICR rer aruiss hes Adm yuu yae se <4 resets 8vo, 
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Phillips; Jae ne ineering, CHSMIstny sowie ve acres nen eet wee re 8vo, *4 50 
GoldvAssaying ne Gas Sait ns oer e Senora = eon oe aol Cree eae 8vo, *2 50 
Phinja]e sy seventFolliessof Science. fn.08 ss :0 ice eiaha ste ie teem oe 12m0,, “1 25 
—— Household Pests, and How to Get Rid of Them....... 8vo (In Preparation.) 
Pickworth, C.N. The Indicator Handbook. Two Volumes..12mo, each, 1 50 
-—~— Logarithms for Beginners. ..... 52.112. 062. ene I2mo, boards, 0 50 
= LHCLSHGE RUNG, ck yhoo Sos winters ORS sm pene arelett once toe ane eee 120,59) TOO 
Piineslables cd eye ee ih Nh eM na ioe SEAN ae craic UC he Renae Dee Sho, |e OL) 
Plattner’s Manual of Blow-pipe Analysis. Eighth Edition, revised. Trans. 
byt Bs Cornwalle) ator cope ok e Cee en eae 8vo, *4 00 
Plympton, G. W. The Aneroid Barometer. (Science Series.)..... 16m0, 0 50 
Pocket Logarithms to Four Places. (Science Series.)............. 16mo, 0 50 
Pope, F. L. Modern Practice of the Electric Telegraph.............8vo0,. I 50 
Popplewell, W. C. Elementary Treatise on Heat and Heat Engines..12mo, *3 00 
a PrevVeritiOn ,Of, SMOKE 4:4, eater Le nee eee Oe 8vo, *3 50 
Ps Otrenpthvol: Materialsiavatea-teaciice nianier hie cree cictotent ie eae te 8vo, *r 75 
OED mle oe CONCKELC rate eared RW ier tree Soe ctitte eftencs let tele p tot eae 8vo, *3 00 
Practical Compounding of Oils, Tallow and Grease................. 8vo, *3 50 
BracticaleirOny HOUDGIN Os .. sabe eit trenton ie tet tage enna T2110, a5 0 
Pray, ley Jie  Lwentyavears witastneslndiCatOnne.) cities stcrent tt 8vo, 2 50 
— Steam Tables and Engine Constant.........................- 8vo, 2 00 
= CALOMIMeter LADIES = J tay. ce latis te) artiste inka ake outers Oke een 8vo, 1 00 
PreeceysWirlbia Electric Lamps. ina ae ee crane (In Press.) 
Preliniji@:-) Harth and Rock-Excayationwa wept. tas ocr set eine OV OC mEES OO: 
—— Graphical Determination of Earth Slopes...................-. 8vo, *2 00 
Sel Wb cabo (<3 bhal are ora Nirs nei SPLEEN eye oped cine ir ACROSS Cele Bysechs was 8v0, 13700 
——— Dredgings A Practical Treatise. -- 7.5.0. cee oe tele tere (In Press.) 
PrescottwAy B:.. Organic Analysisie ver pe ee hoe cee eee: 8vo, 5 00 
Prescott, A. B., and Johnson, O.C. Qualitative Chemical Analysis...8vo, *3 50 
Prescott, A. B., and Sullivan, E.C. First Book in Qualitative Chemistry. 
I2mo, *1 50 
Pritchard, O.G. The Manufacture of Electric-light Carbons. .8vo, paper, *o 60 
Prost, E. Chemical Analysis of Fuels, Ores, Metals. Trans. by J. C. 
SMIth ye tase ORS ee eae ns Aer tea cke ce Pe ee 8vo, *4 50 
Pullen, W. W. F. Application of Graphic Methods to the Design of : 
StU ClUTeS fee An ates Seat Pa ae: Coe eT eae een Iz2mo, *2 50 
—— Injectors: ahesre Concmucnnn and Workings eer eee 1210,) 18 50 
Pulsiter,, W.-H. Notes for a History of Lead ca) 1.5) en eee oO AGO, 
Putsch yA, Gas and: Coal-dust Hiring) ee seo ©. se eae ee eee 8vo, *3 00 
Pynchon, T. R. Introduction to Chemical Physics.................8v0, 3 00 
Rafter, G. W. Treatment of Septic Sewage. (Science Series.)..... 16mo, 0 50 
Rafter, G. W.,and Baker, M.N. Sewage Disposal in the United States 4to, *6 oo 
Raikes sek. ssoeware Disposal Works 6-2 ste tees He SVON AOS 
RailLWwarvesnop ew DLO Date tt a inch) ste ety a tee ret eee ee 4to, 2 00 
RAM p pie Nee eoundty, Practice... 20s see ae oe (Un Press.) 
Randall, P. M. Quartz Operator’s Handbook................... E210, 200 
Randau, Ps) eenamels and: Hnamelling 4. sian wn cee 8vo, *4 00 
Rankines Weal. snapped Mechanics.) ton... aneen Ne 8vo, 5 00 
== Civil EMSIneering ree 0 layup itaudsiels ate cece et oes 8vo, 6 50 
Machinery and Millwork. Peta ta a teuaic fia ths eke he 8vo, 5 00 
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Rankine, W. J. M. The Steam-engine and Other Prime Movers.....8vo, 5 00 
-_— Useful Rules and Tables. . | A eter es Ric IMs oe Sse .8vo, 4 00 
Rankine, W. J. M., and Barbers E. R. oh Metharical Text-book....8vo, 3 50 
Raphael, F. C. Docalizetion of Faults in Electric Light and Power Mains. 

8vo, *3 00 


Rathhone Role oimplevyewelleryarca snot ay geen ee nev 8vo, *2 00 
Rateau, A. Flow of Steam through Nozzles and Orifices. Trans. by H. 

EB Ly OT yg) oy Sn re 7, SWE eS en Sintra 8Y0, er 50 
Rausenberger, F. »The Theory of the Recoil of Guns...............8vo, *4 50 


Rautenstrauch, W. Notes on the Elements of Machine Design, 8vo, boards, *1 50 
Rautenstrauch, W., and Williams, J. T. Machine Bae and Empirical 


Design. 

Dottie lamMachitie sD Lat inp anne sac Aart a age AE, leh sseoke maces Gite a SVO sm laa S 

Dartelie im piriealeD esipt erent wee se ee cacao (In Preparation.) 
Raymond, E. B. Alternating Current Engineering............... F20;40 2550 
Rayner, H. Silk Throwing and Waste Silk Spinning............... 8vo, *2 50 
Recipes for the Color, Paint, Varnish, Oil, Soap and Drysaltery Trades.8vo, *3 50 
Recipes forehiint-Glasss Making ser ope «aes hue ness yee a 12mo, *4 50 
RECA STE TpANEeLS Hand NOOK sr vesi. aie cee et ee el ete Se A 8vo, *5 00 

Key to the Nineteenth Edition of Reed’s Engineers’ Handbook. .8vo, *3 00 
Soa Osetul: Hintsito.Sea-going Engineers...) 052... anes I2mo, I 50 
cNEATITION Oiler sie were hy Ati Oe ar Pye ee RE Ruy eS, Mogi es I2mo, 2 00 


Reinhardt, C. W. Lettering for Draftsmen, Engineers, and Students. 
oblong 4to, boards, 1 oo 


The Technic of Mechanical Drafting....... _... oblong 4to, boards, *1 00 
Reiser, F. Hardening and Tempering of Steel. Trans. by A. Morris and 
ELS ODSO tig fete 5 ite Wet ar at Aeon eatin rea ates I2mo, *2 50 
Reiser, N. Faults in the Manufacture of Woolen Goods. Trans. by A. 
Morrisvand eH RODS onetime wien een te © einem erat eet nat: 8vo, *2 50 
—— pinning and Weaving Calculationse... 2... 6-6 a2 feeds ae 8vo, *5 00 
Renwick, W.G. Marble and Marble Working.................... 8vo, 5 00 
Rhead, G. F. Simple Structural Woodwork....................-. 12mo, *1 00 
Rice, J. M., and Johnson, W. W. A New Method of Obtaining the Differ- 
CHiAleOh. MNCL ONS eee een ary alt A pair yersta elke aoe: I2mo, 0 50 
Richardson,.i) bie Modern-Steamsbngine si | oes. sete os 8vo, *3 50 
Richardson, S.S. Magnetism and Electricity..................-. I2mo, *2 00 
Rideals sae GluerandsGlueMlestingsun we lelen nw. c 02 sore ole Neral TONO,) OO 
Rings via Coucrete in Dheoryvand Practice... 2%. .25 sasersaies 2 1210.9) 22050) 
Ripper, W. Course of Instruction in Machine Drawing............folio, *6 oo 
Roberts, J., Jr. Laboratory Work in Electrical Engineering....... 8vo, *2 00 
Robertson wits saa WategetitbesbOllersrm.,.. of J myth atyno a.e'40 epo0h Se ens 8vo, 3.00 
Robinson, J. B. Architectural Composition. . ae ee OV OM OG 2S O 
Robinson, 8. W. Practical Treatise on the Teeth ae Wheels. (Science 
SERIES) eeeee ar Tenant Oe Deo eo A oa tae 16mo, 0 50 
Roebling, Jj. A. Long and Short Span Railway Bridges........... folio, 25 00 
Rogers, A. A Laboratory Guide of Industrial Chemistry..........12m0, *1 50 
Rogers, A., and Aubert, A. B. Industrial Chemistry......... (Un Press.) 
GIs Vio fe NOteS One ip iG mieten da yah prea heee cyieheke weep sensi SVOnmm 72050 
Rose-e|one bhesbatvermi-malkerswAssistantier . «ott «:t? stave alae nis ne: 8vo, 2 50 
—— Key to Engines and Engine-running...................... L2M0.00 2150 


Rose, T. K. The Precious Metals. (Westminster Series.)......... 8vo, *2 00 
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Rosenhain, W. Glass Manufacture. (Westminster Series.)....... 8vo, 
Rossiter, J. T. Steam Engines. (Westminster Series.)....8vo (/n Press.) 


*2 


—— Pumps and Pumping Machinery. (Westminster Series.)..8vo (Jn Press.) 


Roth ePhysicaltGhemistry parc. ee 1 to) oer ace ee ee PE OVOs 
Rouillion, L. The Economics of Manual Training... . ee eo VOs 
Rowan, F. J. Practical Physics of the Modern Steam-boiler........ 8vo, 
Roxburch pW. General Koundrysbracticenn. 1p scp ee- ye eae 8vo, 
Ruhmer, E. Wireless Telephony. Trans. by J. Erskine-Murray....8vo, 
Russell, A. Theory of Electric Cables and Networks........... Se ROMO} 
Sabine, R. History and Progress of the Electric Telegraph........ r12mo, 
SaeltzetwA) Lreatisevonm ACOUStICS akin ys ese er rate 12mo, 


Salomons, D. Electric Light Installations. 12mo. 


Vol. I. The Management of Accumulators...:..............0... 


Volley Apparatagyr sy (tiers tg pitted ounce ty comic: hehe ts Mon Cee eee 
VOL LU wRA pplication wcadvora sik ate uth: i tei eae epee ceed | eae ee rane 


SADLOLd see. Gel NICLO-EXPLOSLVES tacienany sate iis aor. itty cee ic eee 8vo, 
Saunders, C. H. Handbook of Practical Mechanics.............. 16mo, 

leather, 
Saunnier,, C1. ywratchinakers Handbooks sen mamas ran de rhseetenras r2mo, 
Sayers; Heo M..» brakesttor Tram'Cars: pcm ai ein nee ht eae 8vo, 
Scneele.iC.2 Wars Chemical Hssayss. tones saeicte eae ee eet eee 8vo, 
Schellen, H. Magneto-electric and Dynamo-electric Machines....... 8vo, 
Scherer, R. Casein. Trans. by C. Salter.. f Ee eos 


Schmall, C. N. First Course in Analytic Geese) Plane fant Solid. 
12mo, half leather, 


Schmall, C. N., and Shack, S. M. Elements of Plane Geometry....12mo, 
Schmeer, L. Flow OF Wiaterin mire oe chartekarcte ate Rear ath rs ar 8vo, 
Schumann, F. A Manual of Heating and Ventilation.....12mo, leather, 
Schwarz eu tial CalisalnGeOlOg yaad eins cere se tanya Unie te otcln eee 8vo, 
DCMWEIZeLeVi, EVISU Atl OMVOLPRCGLIS = meen sete it Peewee ee arta eee 8vo, 


Scott, W. W. Qualitative Analysis. A Laboratory Manual,.8vo (/n Press.) 


Scribner, J. M. Engineers’ and Mechanics’ Companion . ..16no, leather, 
Searle,G. M. ‘‘Sumners’ Method.” Condensed and Improved. (Science 


DETICR Gis ena SARE Tua him ae om Le eee LOIDOF 

Seaton, A. E. Manual of Marine Engineering................. .. .8v0, 
Seaton, A. E., and Rounthwaite, H. M. Pocket-book . Maxine Engineer- 
ING Pe nea te ON be eee ......16mo0, leather, 
Seeligmann, T., Terrilhon, se t , and Belconnen . India Rubber and 
Gutta Porcia! Trans. by J. G. McIntosh..... mele Les ce ee, 8yo, 

Seidell, A. Solubilities of Inorganic and Organic Substances... .... .8vo, 
Sellew, W.H. Steel Rails. : eee, AS Pe .,.4to Un Press.) 
Senter, G. Outlines of Physical Chemistey. ee dee ae Whe ae ent), 
Sever, G. F. Electric Engineering Experiments... .. 8vo, boards, 
Sever, G. F.,and Townsend, F. Laboratory and Factory Tess in Electrical 
Engineering. . reals ee eR ONO 

Sewall, C. H. i irelees Reteeraply Red 2A meee be Pee OO, 
— Lessons in Telegraphy..... r2mo, 
Sewell, T. Elements of Electrical Dagineesne 5 OVO. 
— The Construction of Dynamos.................. okt Ce avor 


Sexton, A. H. Fuel and Refractory Miatariate pi 12mo, 
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Sexton, A. H. Chemistry of the Materials of Engineering........ 12m0, 
MT OVSR(NOMSHERLOUS) ai eenc toe eel: ce te Nt magnet es eee nite Ps 8vo, 
aoe DHCENetaiUrey Omron and Steele un aaaeuslve tassel wl. 8 cee 8vo, 
DeVOUL Ace era CliCalIChOPTAD DYN aa ji..)e chute eis hbo ce os .8vo, 
Pe NLOU Ene nittiiy Ln kGa iy ss meh ate Mira cous a Mal Seales sae ere id leg 8vo, 
Shaw, P. E. Course of Practical Magnetism and Electricity....... .8vo, 
Shaw, S. History of the Staffordshire Potteries................... 8vo, 
—— Chemistry of Compounds Used in Porcelain Manufacture...... 8vo, 
Sheldon, S., and Hausmann, E. Direct Current Machines.......... 8vo, 
Sheldon, S., Mason, H.,and Hausmann, E. Alternating-current Machines. 
8vo, 

PleLeinuc me CASeIN em lranse DY Ca Salteroee shires janine acistra eee 8vo, 
PUA oH Meee Ol Merchants) Mantuala. mast deere aan 12m0, 
Shields, J. E. Notes on Engineering Construction............... 12mo, 
Shock, W. H. Steam Boilers. . : ........4to, half morocco, 
Shreve, S. H. Strength of Bridees aa Rack. Sora tera RS i os 8vo, 
Shunk, -W. Fo? The Mield; Engineer... 8.2. fh ss 12mo, morocco, 
Simmons, W. H., and Appleton, H. A. Handbook of Soap Manufacture. 
8vo, 

Simms, F. W. The Principles and Practice of Leveling............. 8vo, 
== Practical Tunneling: «oc 6hi. be nog es SVL LA Say edad SOR tet: 8vo, 
Simpson, G. The Naval Constructor. . even ack .I2m0, morocco, 
Sinclair, A. Development of the Locomatye: Engines Dace half leather, 
Sindall, R. W. Manufacture of Paper. (Westminster Series.)...... 8vo, 
Sloane, T. O’C. Elementary Electrical Calculations.....+........ 12mo, 
Smith, C.F. Practical Alternating Currents and Testing............ 8vo, 
—— Practical Testing of Dynamos and Motors. . ee ent op eee VOR 
Smith, F. E. Handbook of General Instruction fog Mechanica, ..12m0, 


Smith, I. W. The Theory of Deflections and of Latitudes and Deparnenes 
16mo, morocco, 


Siitiee| pc aglianiitactire of Painte. han a-wac -meieon peoenet es wien 8vo, 
Smith, W. Chemistry of Hat Manufacturing....:...............72M0, 
Sieu Ace lees HAeCCiniCc. Motive re OWeLy.ttdae cucchcspntis doster roa toca Vane 8vo, 


Snow, W.G. Pocketbook of Steam Heating and Ventilation. (Jn Press.) 
Snow, W.G., and Nolan, T. Ventilation of Buildings. (Science Series.) 


16mo, 

DOCG a tH mm A C1OA CCV iby simmers meh geern Mediate Var Yes fay cod) Mol Penn sun che cee 8vo, 
Solomon, M. Electric Lamps. (Westminster Series.)..............8V0, 
Sothern, J. W. The Marine Steam Turbine.. ; sen yo teh Oh, 
Soxhlet, D. H. Dyeing and Staining Marble. aaa by A. Mou and 
ELON S OL Ap eaaemn P nei OEM rts sho acess ae cece oe 8vo, 

Spang, H. W. A Practical Treatise on Lightning Protection...... 12mo, 
Speyers, C. L, Text-book of Physical Chemistry.................. 8vo, 
Stahl, A. W.,and Woods, A.T. Elementary Mechanism.......... I2mo, 
Staley, C., and Pierson, G.S. The Separate System of Sewerage... .8vo, 
Standage, H.C. Leatherworkers’ Manual.............. fre Mb ales 8vo, 
—— Sealing Waxes, Wafers, and Other Adhesives................. 8vo, 
—— Agglutinants of all Kinds for all Purposes.................. 12mo, 
Stansbie, J. H. Iron and Steel. (Westminster Series.).............8vo, 
Stevens Ho smeePa pete Mille @hemist cent. ecaltcy est vcle years witeerslals 16mo, 


Stewart, A. Modern Polyphase Machinery.................-.05: 12mo, 


* 
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astewart;, Ge “Modern: Steamelrapsi). 3 ae ee he eee I2m0, *r 25 
Stiles, A. Tables for Field Engineers. . Se Sees ac ee eee 2 TT Osan TOO) 
Stillman, P. Steam-engine Indicator........ ne T2010 eee OO 
Stodola, A. Steam Turbines. Trans. i He C. or Sewenstern bash fen Ae Se 8vo, *5 00 
Stone Hs the Timbers: of Commerce: sas 0 eae eine een ee 8vo, 3 50 
Stone, Geny RamNew, Roads and Road awe. wet nee me ee 12mo, I oo 
Stopes; Mc agwAncient’ Plantse. 8 He. Gores ie a nn eae eae 8vo, *2 00 
Sudborough, J. J.,and James, T.C. Practical Organic Chemistry..12mo, *2 00 
Suffiing, E.R. Treatise on the Art of Glass Painting.............. 8vo, *3 50 
Swan, K. Patents, Designsand Trade Marks. (Westminster Series.).8vo, *2 00 
SWeetao, se. opecial Report-on Coaliy ves, 3. ceria heer eae ieee 8vo, 3 00 
Swoope, C. W. . Practical Lessons in Electricity..................1z2mo, *2 00 
Tailfer, L. Bleaching Linen and Cotton Yarn and Fabrics..........8vo, *5 00 


Templeton, W. Practical Mechanic’s Workshop Companion. 
I2mo, morocco, 2 00 
Terry, H. L. India Rubber and its Manufacture. (Westminster Series.) 
8vo, “*2' 00 


Thom, C., and Jones, W. H. Telegraphic Connections.....oblong 12mo, 1 50 
Thomas, C. W. Paper-makers’ Handbook..................(Un Press.) 
hompson.7A. bs OilyBields:of Russtaty ani, sun. eee eae 4to, *7 50 
—— Petroleum Mining and Oil Field Development.................8vo0, *5 00 
Thompson, E. P. How to Make Inventions. . : Be) ONO aE ONSO) 
Thompson, W. P. Handbook of Patent Law of All Coates Raeies. 16mo, 1 50 
‘Lhornley, 1. ‘Cotton‘Combing Machines*.. 79 ae pee ee 8vo, *3 00 
—— Cotton Spinning. 8vo. 

MirSt Year xi oA 8 Saxons Leased eect Cryer Ore ek AOR te ee ee *T 50 

Second yY caren epee: yo kcies ntsc oe hee he A Cre te ae 72050 

hind Viear nen ee Sears ck ot crue habs teachie heame tt eA He eee ee *250 
RNGtSO; Meu... LOdernaLurbine: Practice: > ania kane Cai 8vo, *4 00 
inney, Ws HH.) Gold-mining Machinery. .50.. tes eer ie eee 8vo, *5 00 
Titherley, A. W. Laboratory Course of Organic Chemistry......... 8vo, *2 00 
Toch, M. Chemistry and Technology of Mixed Paints..............8vo, *3 00 
Todd, J., and Whall, W. B. Practical Seamanship................ 8vo, *7 50 
Tonge J. Coal. CWestminster Series, 4.0 4 oe a ee ON OF OO 
Townsend, J. Ionization of Gases by Collision................... 8vo, *1 75 
Transactions of the American Institute of Chemical Engineers. 8vo. 

VoOli ST Se IQOB 26 ee oceans, tee ee tN Ge Tg ea *6 00 

Voll, *TQ00) aero mace oe ere ee ee eee *6 00 
Traverse-Lables., “(Science Series: kena ieee ae eee 16mo, 0 50 

° morocco, I 00 

Trinks, W., and Housum,C. Shaft Governors. (Science Series.)..16mo, 0 50 
Lickers... A Manualof Sugar Analysism. see one ene 8vo, 3 50 
Tumlirz, O. Potential. Trans. by D. Robertson..°............. T2M0;9 les 


Tunner, P. A. Treatise on Roll-turning. Trans. by J. B. Pearse. 

8vo, text and folio atlas, 10 oo 
Turbayne, As A., Alphabets.and Numerals.) 059... .- 12. ee AtO; 9 2100 
Turrill, S'M. Elementary Course in Perspective.........2.......12mo, “*r 25 


Underhill, C. R. Solenoids, Electromagnets and Electromagnetic Wind- 
INS? AA eer iem as oat ss erg eae a en 121010500 22800 
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